HYODO-KATO COHOMOLOGY IN RIGID GEOMETRY: SOME
FOUNDATIONAL RESULTS

XINYU SHAO

ABSTRACT. By exploring the geometric properties of Hyodo-Kato cohomology in rigid geometry,
we establish several foundational results, including the semistable conjecture for étale cohomology
of almost proper rigid analytic varieties, and GAGA (comparison between algebraic and analytic)
for Hyodo-Kato cohomology. A central component of our approach is the Gysin sequence for
Hyodo-Kato cohomology, which we construct using the open-closed exact sequence for compactly
supported Hyodo-Kato cohomology and Poincaré duality.
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1. INTRODUCTION

This article is devoted to prove geometric properties for Hyodo-Kato cohomology in rigid geom-
etry. We build geometric properties for Hyodo-Kato cohomology of dagger varieties, including the
Mayer-Vietoris property, Poincaré duality and the Gysin isomorphism. Then by using geometric
properties of Hyodo-Kato cohomology, we establish a comparison between algebraic and analytic
Hyodo-Kato cohomology (GAGA) and the semistable conjecture for étale cohomology of almost
proper rigid analytic varieties.

Let Ok be a complete discrete valuation ting with fraction field K of characteristic 0 and with
perfect residue field k of characteristic p. Let W (k) be the ring of Witt vectors of k with fraction
field F (therefore W (k) = OF). Let K be an algebraic closure of K and C be its p-adic completion,
and let O denote the integer closure of Ok in K. Let W (k) be the ring of Witt vectors of k with
fraction field F (thereforeF is the p-adic completion of F™', the maximal unramified extension of
K in K and W (k) = 0}) and let ¢ be the absolute Frobnius on W (k). Set ¥ = Gal(K/K).

We will denote by Ok, O, (’)9{, depending on the context, the scheme Spec(Of) or the formal
scheme Spf(Ok) with the trivial log structure, the canonical (i.e., associated to the closed point)
log structure, and the log structure induced by N — Ok, 1 — 0.

1.1. Semistable conjecture for open varieties. The Hyodo-Kato cohomology for algebraic va-
rieties first appeared in Fontaine-Jannsen conjecture ([Jan89] and [Fon94]), also known as the
semistable conjecture. This conjecture suggests the existence of a “new crystalline cohomol-
ogy group” HIi{K, which should compare with étale cohomology for X/Of proper scheme with
semistable reductions. Moreover, this group should serve as a deformation of de Rham cohomology
group, i.e. there should exist a Hyodo-Kato morphism tnk : Hijx (Xk) — Hig(Xk) such that the
base change

ik ®p K Hij(Xk) ©r K = Hig(Xk)

is an isomorphism. Moreover, the group H (X k) is endowed with a Frobenius ¢ and a monodromy
operator V. The conjecture can be formulated as follows.

Conjecture 1.1. Let X be a proper and smooth algebraic variety over K admitting a semistable
model over Of. Leti > 0. We have a functorial Yx -equivariant Bg-linear isomorphism commuting
with ¢ and N

Hét(XGQp) ®q, Bst =~ Hll{K(X) QF Bst,

compatible with the de Rham period morphism, via the natural injection By CBar, and the Hyodo-
Kato morphism tyk @ Hye — Hig.

The Hyodo-Kato cohomology was defined in [Hyo91] for varieties with semistable reductions,
by introducing a modified de Rham Witt complex. Later in [HK94], Osamu Hyodo and Kazuya
Kato introduced log crystalline cohomology, and used it to give another construction for varieties
with log-smooth models. The most remarkable results are in [Beil3], where Beilinson constructed
the Hyodo-Kato cohomology for algebraic varieties by h-descent [SV96], and proved the semistable
conjecture without any smooth, proper or reduction hypothesis.
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For proper smooth rigid analytic varieties, the above conjecture (without semistable reduction
hypothesis) also holds by [CN24]. The proof relies on the geometrization of the syntomic cohomol-
ogy and the theory of Banach-Colmez spaces.

Like the algebraic case, it is natural to think what will happen for non proper or non smooth
varieties. The situation is more complicated, especially if one wants to recover the étale cohomology.
For pro-étale cohomology, various results have been obtained in [CDN20], where Pierre Colmez,
Gabriel Dospinescu, and Wiestawa Niziot calculated the p-adic étale cohomology and pro-étale
cohomology for the p-adic Drinfeld half plane. In the pro-étale case, they proved, in general, that
(combined with the result in [CN25]) for » > 0 and X a smooth Stein space over C, we have the
following commutative Galois equivariant diagram, which can be regarded as pro-étale version of
semistable conjecture:

~ N=0,p=p"
0 —— N (X)/Kerd —— Hly (X,Qp(r)) — (Hpy 2(X)8Bu) —0
0 —— (X)) kerd —— Q(X)d=0  Hir(X) o

In [CN24], there is also a semistable conjecture which generalizes the above result for arbitrary
quasi-compact dagger varieties. However, this conjecture remains open.

In this article, we consider the étale version of semistable conjecture for open varieties. We show
that the semistable conjecture is true for almost proper rigid analytic varieties.

Theorem 1.2. (Theorem 5.9) Suppose X is a proper smooth rigid analytic variety over C, Z C X
is a strictly normal crossing divisor, and U = X — Z.
(1) We have a Bgi-linear functorial isomorphism commuting with ¢ and N

O‘;t(U) : Héit(U’ Qp) ®Q, Byt HIZ{K(U) @pnr By,
that induces a Bar-linear filtered isomorphism

H(U,Qp) ©q, Bar = H;;R (X) @pt Bar-
Here, HE(J{R (X) is the logarithmic B:{R—cohomology introduced in [Sha25b], where the log structure
of X is induced by Z, and the filtration on HjB* (X) is defined by
dR
Fil* Hy, (X) :=Im(H'(Fil* Rl (X)) — Hi (X))

dR dR

(2) Let i < r. Then we have an exact sequence
0 — H& (U, Qu(r) = (Hig (U)@pn BHN="¢=V" — HL . (X)/F" — 0. (1.1)
dR
Moreover, when X descends to a rigid analytic variety over K, statements in (1) and (2) are

Galois equivariant.

Remark 1.3. (1) Unlike the pro-étale semistable conjecture, HY (U, Q,) and Hiy(U) are finite
dimensional vector spaces.
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(2) We have a natural isomorphism HjBJr (X) ~ Hig(U/BJR), where Hip(U/BJ,) is the Blg-

dR
cohomology introduced in [CN25]. But the two cohomology groups have different filtrations.
(3) when X descends to a rigid analytic variety X, over K, we have a natural filtered isomorphism

;;;R(X) = H}pqr(X0) ®x By

(4) The short exact sequence (1.1) is used in [EGN24] to study the image of Hodge-Tate log
map.

(5) In a follow-up article [Sha25a], we will prove an étale version of semistable conjecture for
quasi-compact log rigid analytic varieties by introducing logarithmic syntomic cohomology. In
particular, after extending the cohomology groups to the category of Vector Space, we can give
another (more conceptual) proof of the above theorem.

We will discuss the proof of semistable conjecture for étale cohomology in Section 1.4, aftering
introducing the compactly supported Hyodo-Kato cohomology.

1.2. Algebraic and analytic Hyodo-Kato cohomology. Another foundational question on
Hyodo-Kato cohomology is that if we can compare the algebraic and analytic Hyodo-Kato coho-
mology, i.e. if we have GAGA for Hyodo-Kato cohomology.

The main difficulty there is the different constructions for algebraic and analytic Hyodo-Kato
cohomology. Briefly, the approach of defining Hyodo-Kato cohomology for rigid analytic varieties
in [CN25] is similar to the algebraic one defined in [Beil3], by using the fact that for smooth rigid
analytic varieties étale locally there exist semistable formal models [Tem17]. However, unlike the
algebraic case, in general there is no “compatification” for rigid analytic varieties, and we need
to define Hyodo-Kato cohomology (locally) without adding horizontal divisors. This is the main
problem when comparing the analytic and algebraic Hyodo-Kato cohomology, even if we have the
Hyodo-Kato isomorphism in the geometric case.

Let us give an example to show the difference between the definition of algebraic and analytic
Hyodo-Kato cohomology, that is, we want to compute the Hyodo-Kato cohomology for A}( and
A}éan, where K = Q,. For the algebraic affine line, let (P, , M) the log scheme Pj, — with log
structure induced by the closed immersion {co} UP} < Py, . Denote by (P, M’) the log scheme
over Spec(k) induced by base change Spec(k) < Spec(Of). Then the algebraic Hyodo-Kato
cohomology of A}( can be computed by

RIpk (Ak) = Rl aris (P, M')°/O% ),

where OY% is the log scheme O with log structure induced by N — O, 1+ 0.

On the other hand, to compute RFHK(A?H), by definition one has to cover it by rigid generic fiber
of semistable formal models, then one uses descent. For example, let X be the standard semistable
formal model of A}fm, i.e., coming from the Bruhat-Tits building of rigid analytic projective line.
Let X,, C X be the induced semistable formal model of X,, := Spf(K (w"z1,--- ,w"xy)), the closed
n

disk of radius w™
is computed by

, where w is an uniformizer of K. Then the Hyodo-Kato cohomology RI'gk (A}fm)

RIuic(A™) = Rlim Rl erg(X1./O% ) -
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It seems we don’t even have a direct way to construct a morphism RI'gk(Ak) — RFHK(A}gan),
although one can show that both sides should be vanishing for nonzero degrees in this case.
In this article, by studying the geometric properties of algebraic and analytic Hyodo-Kato coho-
mology, we will show that we indeed have GAGA for Hyodo-Kato cohomology:

Theorem 1.4. (Theorem 5.2) (1) Let X be an algebraic variety over K, and X" be its analytifi-

cation. Then there exists a natural quasi-isomorphism in D(Mod52id) :

RTuk (X) = RIgk (X0),

which is compatible with Frobenius, monodromy, and the GAGA morphism for de Rham cohomology,
1.e. we have the following commutative square:

RFHK (X) LH—K> RFdR(X)

Lk

RIpk (X*) —= RT4r(X™),

where the horizon maps are Hyodo-Kato morphisms.

(2) Let X be an algebraic variety over K, and X&' be the analytification of X¢ = X x5 C.

Then there exist a natural quasi-isomorphism in D(Mod$eid) :

RI'uk(X) = Rpk (X&),

which is compatible with Galois action, Frobenius, monodromy, and the GAGA morphism for de
Rham cohomology.

Remark 1.5. This theorem is also used in [EGN24] to study the image of Hodge-Tate log map.

1.3. Cohomology with compact support. To construct the comparison map between algebraic
and analytic Hyodo-Kato cohomology, firstly we note that, if X is a projective semistable scheme
over O, then the local-global compatibility assures a natural equality

Rk (Xk) = RUuk (X5") =~ Rl ais (X7 /O%)q, -

We would like to reduce the proof of GAGA to the projective case (with a semistable model). As
the example described in last section, in general one needs to work on a strictly semistable pair.
Briefly, a semistable pair (U,U) over a field K is an open embedding j : U < U with dense image
of a K-variety U into a proper flat regular O-scheme U, such that U — U is a regular divisor with
normal crossings on U, the irreducible components of U — U is regular, and the closed fiber Uy, is
reduced. Let D = Uy — U. If we have the compatible Gysin sequences

Rk (D){—1}[-2] ~ [RTuk(Uk) — Rluk (V)]

Rluk (D™){—1}[-2] ~ [RTuk (U ) — RTax(U™)]
where D is smooth, then since Ug and D are proper, we should be able to have the GAGA
comparison for U, and therefore the general case.
The algebraic Gysin sequence is true, since in [DN18] they construct the realization functor
for (geometric) Hyodo-Kato cohomology. However, it is still unclear how to construct the Gysin
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morphism directly in rigid geometry. On the other hand, the Gysin morphism can be deduced
from the Poincaré duality and open-closed exact sequence of compactly supported Hyodo-Kato
cohomology. We will review the definition of compactly supported Hyodo-Kato cohomology, which
is developed in [AGN25].

Therefore, the proof of GAGA heavily relies on the following propositions.

Proposition 1.6 (open-closed exact sequence). (Proposition 4.9) If X is a smooth dagger variety
over L=K orC, Z C X is a smooth divisor, U =X — Z. Then we have
RFHK’C(U) ~ [RPHK’C(X) — RPHK’C(Z)].

Theorem 1.7. ([AGN25, Theorem 5.30] or Theorem /.21) LetY be a partially proper smooth rigid
analytic varieties or a quasi-compact smooth dagger variety over C of dimension d. Then:

(i) There is a natural trace map in D(ModSoid) :
trak : RCuk (Y)[2d] — F™{—d},
compatible with the Hyodo-Kato morphism.
(ii) The pairing
Rluk (Y) @™ Rk o(Y)[2d] — RTuk o(Y)[2d] — F™{~d}
is a perfect duality in D(Mod32id), i.e. we have the induced quasi-isomorphism in D(Mod i) :
Rk (Y) ~ RHompn (Rl K o(Y), F* {—d}).
1.4. The proof of semistable conjecture. In this article, similar to the proof of GAGA, our

strategy is to reduce the proof of semistable conjecture for almost proper rigid analytic varieties to
the proper ones. The proof includes the following steps:

e Construction of the period morphism: in [CN25, Theorem 6.9], for » > 0, Pierre Colmez
and Wiestawa Niziotl construct a natural quasi-isomorphism

TST RFsyn(U7 @P(T» i> TST RFPYOét(Uv QP(T))

for any partially proper rigid analytic variety, and in our case the syntomic cohomology
RIgyn (U, Qp(r)) can be described as

RTqyn (U, Qp(r)) = [RTuk (U) ®par By]N=09="" — RTar(U/B)/F'], (1.2)
which induces a map for r > 2d:

T2 R ot (U, Qp(r)) = 752 RT4yn (U, ) = [RTp (U) @ e By |V =09

L RPHK(U)@Fnr BSt'
After imposing Bgi-linearity and twisting, this allows us to define the period morphism
Oést(U) : RFét(U, Qp) ®Qp BSt — RFHK(U) ®Fnr Bst,

by simply applying the natural morphism RI¢ (U, Q) — RI'proét (U, Qp). This construction
might seem strange, as RI'¢;(Uc, Qp) and RI'p06:(Uc, Q) are generally quite different. For
example, when U = A, the analytic affine line, H}, (A}, Qp) = 0 but H;roét (AL, Qp) is very
large, as indicated by the main theorem of [CDN20]. Nevertheless, this construction yields
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precisely the period morphism required. The same method also applies to define ag(X): in
this case where X is proper smooth, RI'¢ (X, Q,) = RI'prost (X, Qp), and Pierre Colmez and
Wiestawa Niziol prove that s (X) is a quasi-isomorphism in [CN24], by using the theory
of Banach-Colmez spaces.

Reducing to the proper case: we can reduce to the case where Z is smooth, and we check
that ag is compatible with the Gysin sequence. Then we can apply the Gysin sequence to
show that ag(U) is a natural quasi-isomorphism. The key point is that our construction
for oy is natural with respect to U — X, so it suffices to check that ag is compatible with
the Gysin morphism, that the following square

RT4(Z, Qy(—1))[-2] ®g, Bst —= RT&(X,Qp) ®q, Bst

|as@-n1-2 Jetx)
Rluk(Z){—1}[-2] @ pnr By — 25 Rk (X) Qpur By,

is commutative, where the horizontal maps are the Gysin morphisms. However, the Gysin
morphisms are deduced from the Poincaré duality and open-closed exact sequence, and we
can reduce to checking that ag is compatible with the Poincaré duality, that is to say,
checking that ag; is compatible with the pairing and the trace map, but both are automatic
due to our construction of Poincaré duality for pro-étale cohomology (and hence for étale
cohomology, since X and Z are proper smooth): in fact, the pairing and the trace map for
pro-étale cohomology is induced from the one for Hyodo-Kato cohomology, by using the
distinguished triangle (1.2).

Construction of the short exact sequence (1.1): we construct (1.1) by using [CN24, Remark
5.16], which is an extension of the standard result for admissible filtered (¢, N)-modules:
once we are able to show that as(U) is a natural quasi-isomorphism, we can show that for
1 < r, we have that

(D, DjR) := (Hik (U), Hy (U,Qp) ®g, Bir)

is a weakly admissible filtered (¢, N)-module over C' (in the sense of [CN24, Definition
5.3.1]) with ¢-slopes in [0, 7]. The key observation here is that we have

(D ®@pnr Bip)/t" D ~ Hig(U/BJR)/t"Dix ~ H;IR (X)/F",

where the first isomorphism is the geometric Hyodo-Kato isomorphism [CN25, Theorem
4.6], and the second isomorphism follows from [Sha25b, Proposition 5.17] and [Sha25b,
Theorem 1.4]. Then [CN24, Remark 5.16] gives the desired short exact sequence (1.1).

Checking that our construction of (1.1) is Galois equivariant: however, the previous step
intertwines different constructions of period morphisms, which could pose a problem when
considering the Galois action when X descends to a rigid analytic variety over K. To resolve
this issue, we need to show that our period map g (U), after tensoring with Byg, agrees with
the de Rham period map of [Sha25b, Theorem 1.4]. Once again, we can reduce to Z smooth,
and by using the Gysin sequence, we are reduced to checking that the maps as(X)®p,, Bar
and ag(Z) ®p,, Bqr agree with the de Rham period morphism for proper smooth rigid
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analytic varieties constructed by Peter Scholze in [Sch13], but this compatibility has been
established by Sally Gilles in [Gil23].

We refer the reader to Theorem 5.9 for a detailed proof.

1.5. Structure of the article. In Section 2, we review the h-topology from [Beil2] and the
éh-topology from [Guo23], along with the (log-)de Rham comparison theorem. These tools are
fundamental for defining Hyodo-Kato cohomology and proving the semistable conjecture.

In Section 3, we present some key aspects of both algebraic and analytic Hyodo-Kato cohomology,
including their compactly supported versions. We define the algebraic Hyodo-Kato cohomology
with compact support, which agrees with the construction via the Hyodo-Kato realization functor
from [DN18]. For the analytic case, we review the compactly supported analytic Hyodo-Kato
cohomology as defined in [AGN25].

Section 4 focuses on the geometric properties of compactly supported Hyodo-Kato cohomology
for analytic varieties. We establish the Mayer-Vietoris properties for Hyodo-Kato cohomology (and
related theories) in the context of abstract blow-up squares. In the absence of six-functor formalism
within the rigid analytic framework (which is still under development), we demonstrate Poincaré
duality and the open-closed exact sequence for compactly supported Hyodo-Kato cohomology as
defined here. This will also yield the Gysin sequence.

In Section 5, we apply the geometric properties developed in Section 4 to establish key results
in Hyodo-Kato cohomology. As outlined in the introduction, we compare algebraic and analytic
Hyodo-Kato cohomology and establish the semistable conjecture for almost proper rigid analytic
varieties. We will also examine the construction of log-crystalline cohomology with compact support
by Tsuji in [Tsu99], showing that our definition of compactly supported Hyodo-Kato cohomology
is consistent with the one developed in this paper.

Finally, in the appendix, we verify that the overconvergent de Rham cohomology defined for
(non-smooth) dagger varieties of [Bos23| agrees with the definition in [GKO04]. This result is used
in Section 4 and enables us to confirm the finiteness of overconvergent Hyodo-Kato cohomology in
broader cases.

Acknowledgments. The author would like to express his sincere gratitude to Wiestawa Niziot for
suggesting the problem, for many valuable discussions, and for carefully reading this paper. He is
deeply indebted to her for identifying subtle errors and for strengthening the overall rigor of the
manuscript. The author also thanks Yicheng Zhou and Zhenghui Li for helpful discussions. This
article is part of the author’s Ph.D. thesis.

Notation and conventions. In this article, we use the language of adic spaces developed in
[Hub96]. A rigid analytic variety is a quasi-separated adic space locally of finite type over Spa(L, Or)
for a p-adic field L. All rigid analytic spaces considered will be over K or C. We will also use the
notion of dagger varieties [GK00]. We assume all rigid analytic varieties and dagger varieties are
separated, taut, and countable at infinity. We denote Rig; (or RigTL) the category of rigid analytic

varieties (or dagger varieties) over L, and we denote Smy, (or Sm}) the category of smooth rigid
analytic varieties (or smooth dagger varieties) over L.

If A is an abelian category, unless otherwise stated, we always work with derived stable oo-
category D(A).
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We will freely use the language of condensed mathematics developed in [CS19]. In fact, most of
the cohomology groups appeared in this article are finite dimension vector spaces, so this will not
cause much trouble.

We will also use the theory of log adic space. For definitions and properties of log adic space,
see [DLLZ23b]. A (pre)log-structure on a condensed ring is simply a (pre)log-structure on the
underlying ring.

2. PRELIMINARIES

In this section, we review some preliminaries which are essential to define Hyodo-Kato coho-
mology and prove the semistable conjecture for étale cohomology of almost proper rigid analytic
varieties.

2.1. The éh-topology and h-topology. The éh-topology is used to define the Hyodo-Kato coho-
mology for singular rigid analytic varieties, which has a basis of semistable formal models by 7n-étale
descent. On the algebraic side, there is a similar definition of éh-topology, but if we want to get a
basis of semistable models in the algebraic setup, we need to refine the éh-topology to h-topology.
We will recall the definition of the éh-topology for singular analytic varieties and h-topology for
algebraic varieties. We begin with a generalization of Verdier’s criterion.

2.1.1. Beilinson basis. In [Beil2], Beilinson extended Verdier’s well-known criterion [SGA72, 4.1],
which provides conditions for changing sites while preserving their associated topoi. We will review
the proposition quickly.

Let C be a essentially small site, we denote Sh(C) the category of sheaves of sets on C. The
(Beilinson) basis is defined as follows.

Definition 2.1. A basis of C is a pair (B, ¢), where B is a a essentially small subcategory of C and
¢ : B — C is a faithful functor such that for C' € C and a finite family of pairs (Bq, fa), Ba € B, fa :
V' — F(Bg),a € I there exists a set of objects Bj € B and a covering family {¢(Bj) — C} such
that each composition qb(B’B) — C — ¢(By) lies in Hom(Bé,Ba) C Hom(¢(Bj), ¢(Ba))-

Remark 2.2. The Verdier’s criterion requires that ¢ is fully faithful, where here we only require ¢
to be faithful. This is useful when we consider a basis of semistable models (where ¢ is the (rigid)
generic fiber).

Define a covering sieve in B as a sieve whose image by ¢ is a covering sieve in C. We have the
following theorem by [Beil2].

Theorem 2.3. If (B, ¢) is a basis of C, then
(i) Covering sieves in B forms a Grothendieck topology in B.
(ii) The functor ¢ : B — C is continuous.

(iii) ¢ induces an equivalence of topoi Sh(B) = Sh(C).
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2.1.2. h-topology for algebraic varieties. We begin with the definition of h-topology of [SV96].

Definition 2.4. For a field L, the h-topology on Varg is generated by the pretopology whose
coverings are finite families of maps {Y; — X}ies, such that YV := [[,.;¥; — X is a universal
topological epimorphism, i.e. a subset U of X is Zariski open if and only the preimage of U in Y
is open, and the same is true for any base change over X.

Remark 2.5. The h-topology is stronger than the proper topology and étale topology, but it is
weaker than the v-topology.

A pair (U,U) over a field K is an open embedding j : U < U with dense image of a K-variety U
into a reduced proper flat Of-scheme U. For a field K, We denote by Var the category of strictly
semistable pairs, i.e. pairs (U,U) such that U is regular, U — U is a divisor with normal crossings
on U, the irreducible components of U — U is regular, and the special fiber U}, is reduced.

In the geometric setup, we denote by Var%b the category of basic semistable Oz-pairs, i.e. for a

semistable Op-pairs (U, U), there exists a semistable scheme (U’ ,U/) over O, where F is a finite

field extension of K, such that (U, U) is isomorphism to the base change (U, Uo?).
By [Beil2, Proposition 2.5], we have

Proposition 2.6. (i) Vary forms a basis of Varg, .
(ii) Var?b or Varz: forms a basis of Varg ), .

We will often use the following observation.

Lemma 2.7. Suppose (U,U) is a strictly semistable pair, let Z = Un —U. If Z is smooth, denote
by Z the closure of Z in U, then (Z,Z) is also in Varss.

Proof. In fact, since (U, U) is a strictly semistable pair, we can write U —U as the union of irreducible
components Z U Dy... U Dy,, and for D; = Njes Dj where J C {1,2,...,m} is a finite set, ZNDy
is a regular scheme each of whose irreducible components has codimension |J| in Z. Since we have
assumed Z is smooth and U is proper, D; are in the special fiber of U for all i, Z — Z = |J,(Z N D;)
and each Z N D; is smooth over the special fiber, hence by further writing Z N D; as disjoint union
of smooth irreducible components Uy Dk, for Dy = ;¢ Dj where indexing J' is a finite set,
ND’, is a regular scheme each of whose irreducible components has codimension |J/| in Z, hence
7 — 7 is strictly normal crossing divisor in Z. O

2.1.3. éh-topology for rigid analytic varieties. We will briefly summarize [Guo23, 2].
Definition 2.8. For a field L, the éh-topology on Rig; is generated by the pretopology whose

coverings can be refined by étale coverings, universal homeomorphisms, and morphisms
Blz(X)UZ — X,
where Z is a closed analytic subset of X.

For a field K, We denote by .#} the category of semistable formal O -models, i.e. it is semistable

over Op for a finite field extension E of K. We also denote by ///gs’b the category of semistable
formal O¢-models, i.e. a formal Oc-model 2 such that there exists a semistable model 2~ over
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Op, where F is a finite field extension of K, such that 2 is isomorphism to the base change 3&”(’%.
By [CN20, Proposition 2.8] and resolution of singularities, we have the following proposition.
Proposition 2.9. (i) Smg or 4} forms a basis of Rigg g, -

(ii) Over C, Sm¢ or .///gs’b or My forms a basis of Rige g, -

We have analogy results for dagger varieties, We denote by .#;"* the category of weakly
semistable formal Or-models. We also denote by //gss’b the category of weakly basic semistable

formal O¢c-models. By [Bos23, Proposition 2.14], we have the following proposition.
Proposition 2.10. (i) SmTK or MR forms a basis of Rig}( b

(ii) Over C, SmTC or //lgss’b or MES forms a basis of Rigg ¢h -
2.2. de Rham cohomology and B(J{R—cohomology. For ¢ > 0, let Qéh be the éh-sheafification
of the presheaf X — Q(X) for X € Smy, or SmTL. We have the following éh-descent theorem, by
[Guo23, Theorem 4.0.2].
Theorem 2.11. If X € Smy, or SmTL, then for any i € N, we have

Rrx Qg = Qé(/L'

With the éh-topology, we can define the de Rham cohomology for rigid analytic varieties as
follows.

Definition 2.12. Let X be a rigid analytic variety or a dagger variety over L, the de Rham
cohomology of X is defined to be

RI4r(X) := RI(X, Q%)

For X defined over C', to have a meaningful de Rham-étale comparison theorem, it is necessary
to introduce the B$R-coh0mology, which is a deformation of de Rham cohomology, i.e. we have

Hir(X/BiR) ©pt C ~ Hijp(X).

The Bjz-cohomology has various constructions, we refer the reader to [BMS18], [Guo23], [CN25]
and [Bos23] for different constructions.
The following theorem is due to [Guo23, Theorem 1.1.4] and [Bos23, Theorem 7.4].

Theorem 2.13. Let X be a proper rigid-analytic variety, for each i > 0,
(i) If X is defined over K, we have a natural isomorphism

HL(X,Q,) ®qg, Bar ~ Hig(X) ®k Bar,

compatible with filtrations.
(i) If X is defined over C, we have a natural isomorphism

H (X,Qp) ®q, Bar ~ Hig(X/Bi) ®p+ Bar,

compatible with filtrations. When X can be descent to Xg over K, this isomorphism agrees with
the comparison isomorphism in (i), under a canonical identification

Hip(X/Bip) = Hip(Xo0) ®k By
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There is a logarithmic analogy of the above theorem for proper smooth rigid analytic varieties
as follows, which is a generalization of [BMS18, Theorem 1.7].

Theorem 2.14. [Sha25b] Let X is a proper smooth rigid analytic varieties over C, D C X is
a strictly normal crossing divisor, and denote by U = X — D. We endow X with the logarithmic

structure induced by the divisor D. Then there are cohomology groups Hg+ (X)) which come with
dR
a canonical filtered isomorphism

Hﬁét(X, Qp) ®q, Bar =~ ng

When X and Z come from Xg and Zy over a discrete valued field K, this isomorphism agrees with
the comparison isomorphism (see [DLLZ23a, Theorem 1.1])

Hi4(X,Qp) ®q, Bar ~ Hipgar(X0) @k Bar,

under a canonical identification

(X) ®B:R Byr.

+
dR

X) = Hlléng(XO) @K Byg-

i
Moreover, H;IR(X) is a finite free B, -module, and we have
(i) The Hodge—de Rham spectral sequence
EY = HI (Xiog, Q") = H 20 (X)
degenerates at E.
(i) The Hodge—Tate spectral sequence

EY = HI(Xiog, Q%) (—§) = HTI(X,Q,) ®q, C

degenerates at Es.
2.3. Cohomology for dagger varieties. Following [CN20] and [Bos23|, we briefly review a con-
struction that allows us to canonically define a cohomology theory on Rig} from a cohomology

theory on Rig;.
Let D be a presentable oo-category. The continuous functor

I Rig} 4 — Rigp g X = X
given by sending a dagger variety X to its completion X induces an adjunction
L. : Shv™P(Rig} ., D) = Shv™P(Rig; ¢, D) : I"™P,
where [*™P is the hypercompletion of I*. For F € Shvhyp(Rig Léhs D), denote by
Fli=1"™PF e S (Rig] ., D).

Therefore, in the following context, once we introduce a cohomology theory (without compact
support) for rigid analytic varieties (e.g., de Rham, Hyodo-Kato, étale, pro-étale, syntomic), we
will automatically apply the above construction to get the associated definition for dagger varieties
(by taking D = D(Modg"?)).

We also note that the étale cohomology for a dagger variety X is the same as the étale cohomology
for X, which is implied by [Vez18, Corollary A.28].
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3. HYoDO-KATO COHOMOLOGY (WITH COMPACT SUPPORT)

In this section we review the definition of Hyodo-Kato cohomology for algebraic varieties of
[Beil3], and Hyodo-Kato cohomology for rigid analytic varieties in [CN25]. We will also define the
Hyodo-Kato cohomology with compact support, and we will show that our definition agrees with
Tsuji’s log-crystalline cohomology with compact support in [Tsu99] in the following chapters.

3.1. Hyodo-Kato cohomology for algebraic varieties. We review the Hyodo-Kato Cohomol-
ogy (with compact support) for algebraic varieties. In particular, thanks to the Hyodo-Kato real-
ization functor, we have the Poincaré duality for Hyodo-Kato Cohomology.

3.1.1. Definition and properties. We begin with recalling the definition and basic properties of
algebraic Hyodo-Kato Cohomology of [Beil3] and [DN18].

(1) Arithmetic setup: We define here Hyodo-Kato cohomology of algebraic varieties over K.
Suppose (U,U) € Var$ is a strict semistable pair, which is defined in Definition 2.6. Let @k be
the h-sheafification of the presheaf

(U, U) — RFHK((U, U)O) = chris((Ua U)O/O%L)Qp7

where we endow (U, U) with the log structure defined by the compactifing log structure of the open
immersion U < U. The sheaf @ik is a h-sheaf of dg solid F-algebra on Algy equipped with a
Frobenius operator ¢ and a monodromy operator N such that N¢ = p¢ N. For an algebraic variety
X € Algy, we define the Hyodo-Kato cohomology of X by RI'yk(X) := RI'(X, “41x). By [NN16],
there exist a Hyodo-Kato morphism

wik : RI'ak (X) = REgr(X),
which is constructed locally for a semistable pair and then descend.

(2) Geometric setup: Suppose now (U,U) € Var%ss be a basic semistable model. Endow
(U,U) with the log structure as above, then by definition, f : (U,U) — Spec(Oz)* is the
base change of a semistable pair 0y, : (Ur,Up,) — Spec(Or)* for a finite field extension L/K.
The data (L,0,Ur,Uo,) form a filtered set . Note that for a morphism (L,0,Ur,Uon,) —
(L,0r,U7,, U(/9L/> in X, the base change theorem tells us

RTuk (UL, Up,, o) ®ky, Fr ~ Rlux((Ur, Uo, )o)-
Let @4k be the h-sheafification of the presheaf
(U, ﬁ) — RFHK((U, U)o) = @RPHK((UL, UOL)()),
L

where the filtered limit is indexed by ¥. This is a h-sheaf of dg solid F"™""-algebra on Algz equipped
with a Frobenius operator ¢ and a monodromy operator N such that N¢ = p¢N. For an algebraic
variety X € Algz, we define the Hyodo-Kato cohomology of X by RI'pk(X) := RI'(X, #k).
By a more careful data keeping, Beilinson proved in [Beil3] that we have a natural Hyodo-Kato
isomorphism (by fixing a pseudo-uniformizer):

K @por K RUpr (X) @5 K = RIGr(X).
We have the following local-global compatibility.
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Proposition 3.1. (i)[Beil3, 2.5] For any (V,V) € Var¥, the natural map
RFHK(V, V) — RFHK(V)

18 a quasi-isomorphism.
(ii)NN16, Theorem 3.18] For any (V,V) € Var$, the natural map

RFHK(V, V) — RFHK(V)
1S a quasi-isomorphism.

Remark 3.2. According to [NN16, Theorem 3.18], the property also holds for log smooth schemes
over O, we will not use this fact in the following chapters.

3.1.2. Algebraic Hyodo-Kato Cohomology with compact support. We define the Hyodo-Kato Coho-
mology with compact support in this section.

We first recall some basic definition and properties of compactification. For a morphism X — Y
of schemes, we say X has a compactification over Y if there exists a quasi-compact open immer-
sion X — X such that X is proper over Y. For X — Y separated and of finite type, such a
compactification always exists. The category of compactifications of X over Y is cofiltered, which
means for two compactifications X — X; and X — Xy, there exists a compactification X — X
and morphisms X; < X — X» over Y such that both morphisms are isomorphisms on the open
subset X. Moreover, suppose we have a morphism X — Y of algebraic varieties over a field L, and
a compactification X — X over L, then one can construct a compactification X — X’ over Y, by
taking X’ to be the scheme theoretlc image of X — X x Y.

Definition 3.3. Let X be an algebraic variety, and X < X be a compactification of X over L.
We define the Hyodo-Kato cohomology with compact support of X to be

RFHK’C( ) [RFHK( ) — RFHK(X X)]

Since the Hyodo-Kato Cohomology satisfies h-descent, one checks easily that R['yk (X)) is well-
defined: indeed, suppose we have two compactifications of X in L : X < X and X — X, then
we have a compactification X — X and morphisms X; < X — X5. Then we have a abstract blow
up square:

X-X—

!

X-X X

|

for ¢ = 1,2. This is in fact an éh-covering in the sense of [Gei06].

Remark 3.4. For a general cohomological theory satisfying éh-descent, one can define similarly
the cohomology with compact support.

Proposition 3.5. Suppose X be an algebraic variety, U — X be an open immersion. Then we
have

RIgk,c(U) ~ [RLHK,(X) = RTuk o(X — U)].
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Proof. Choose a compactification of X: X < X, then X is also a compactification of U, and X —U
is a compactification of X — U. Then the proposition follows from the definition of compactly
supported cohomology for X,U and X — U. ([l

Proposition 3.6. The Hyodo-Kato Cohomology with compact support is contravariant for proper
morphisms and covariant for open immersions.

Proof. If U < X is an open immersion, as above we choose a compactification X <+ X of X. Then
the map RI'gk (Y — X) — RI'gk (Y — U) induces RFHK’C(U) — RFHK,C (X)

If Y — X is a proper morphism, then choose a compactification X < X of X and a compactifi-
cation Y < Y7 of Y. Denote by Y the closure of the image of the canonical morphism ¥ — Y’ x X.
We have a Cartesian square

Y

X —— X,

]

because the map from Y to the preimage of X in Y is proper and open, so it is identity. Then
RI'uk o(X) = RI'uk c(Y) is given by the following commutative square

Y-Y—Y

I |

X—-—X —— X.
O

3.1.3. The Hyodo-Kato realization functor. The Hyodo-Kato cohomology with compact support is
also defined in [DN18], by constructing the realization functor of Hyodo-Kato cohomology, and then
applying the six functor formalism for Voevodsky’s motive. In this part we will briefly summarize
[DN18]. This will give us the pairing and the Poincaré duality.

Let DM(K,Q,) be the triangulate category of Voevodsky’s mixed motives with rational coeffi-
cients, and My, be the natural functor

Mgy, : Sch /K — DM (K, Q).

We refer the reader to [Voe] for the definition and properties of Voevodsky’s motives. According
to [DN18], there exists Hyodo-Kato realization functor

Rlpk : DM (K,Q,) — D(Modjid),

such that its composition with M, gives the geometric Hyodo-Kato cohomology of Beilinson, i.e.
for X € Sch /K, we have RT'ux (Mgm (X)) ~ RI'uk (X). It is worth to mention that the realization
functor also gives us the Gysin sequence for smooth pairs.

Proposition 3.7. If X is a smooth variety over K and Z C X is a smooth closed subvariety,
denote by U := X — Z. We have

RFHK(Z){—l}[—Z} ~ [RFHK(X) — RFHK(U)]
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Proof. This follows from the distinguished triangle of [Voe, Proposition 3.5.4]. g

There is also a functor o B
Mgcm :Sch /K — DM(K,Qy)

from the category of schemes of finite type over K to DM (K, Q,), which sends X € Sch /K to its
associated motives with compact support. We define the Hyodo-Kato cohomology with compact

support of X by
RTuK c(X) := Rl'uk (Mg, (X)).

Lemma 3.8. The definition of Hyodo-Kato cohomology with compact support in [DN18] agrees
with the Definition 5.3.

Proof. This follows from the distinguished triangle of [Voe, Proposition 4.1.5]. O

Thanks to the six functor formalism for Voevodsky’s mixed motives (see for example [CD19]),
one can construct a pairing for smooth varieties X:

RI'uk (X) ® RFHK’C(X) — RFHK,C (X),

and the Hyodo-Kato realization functor gives us the Poincaré duality for algebraic varieties as
follows.

Theorem 3.9. Let X be a smooth algebraic varieties over K of dimension d, then:
(i) There is a natural trace map

trpk : RFHK’C(X) — Fnr{—d},
compatible with the Hyodo-Kato morphism.
(ii) The pairing
RFHK(X) ®L RFHK’C(X)Dd] — RFHK’C(X)[Qd] — Fnr{—d}

is a perfect duality of solid Lp-vector spaces, i.e., we have induced isomorphisms in D(Modﬁ?ﬂlird) :

Hiy(X) ~ Hompnr (HEH(X), FP{—d}),
Hiik o(X) =~ Hompnr (HZ (X)), F™{—d}).

3.2. Hyodo-Kato cohomology for analytic varieties. We review the definitions and properties
for Hyodo-Kato Cohomology (with compact support) of analytic varieties.

3.2.1. Definition and properties. We briefly summarize the definition and basic properties of Hyodo-
Kato Cohomology discussed in [CN20] and [CN25].

(1) Arithmetic setup: We define here Hyodo-Kato cohomology of smooth rigid analytic varieties
over K. Suppose 2~ € 3%, which is defined in Definition 2.9. Let o4k be the éh-sheafification of
the presheaf

2 = RIuk(20) = Rlais(20/ 0%, ),

with value in D(Modﬁ%lfrd). Here the condensed structure of R ¢;is( 20/ O%L) comes from the inverse

limit of the condensed abelian groups 1&1 RT cis(Z0/ O%Lm)' The sheaf Ak is a éh-sheaf of dg solid
F-algebra on .#k equipped with a Frobenius operator ¢ and a monodromy operator N such that
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N¢ = ppN. For a rigid analytic variety X € Rig;, we define the Hyodo-Kato cohomology of X by
RI'gk (X) := RI'(X, #ik). By [CN20], there exist a Hyodo-Kato morphism

LHK : RFHK(X) — RFdR(X).

(2) Geometric setup: Suppose now 2~ € ///Cb’ss be a basic semistable formal model. By definition,
f:Z — Spf(O¢)* is the base change of a semistable pair 0y, : 27 — Spf(Op)* for a finite field
extension L/K. The data (L, 01, 27) form a filtered set . Note that for a morphism (L, 0y, 21) —
(L',0r, Z],) in X, the base change theorem tells us

RFHK(%I//?O) ®F£ Fr ~ RFHK(%L,O)-
Let @41k be the éh-sheafification of the presheaf
2 = Rl'uk(Z0) = lim RT'uk (27,0),
L

where the filtered limit is indexed by X. This is a éh-sheaf of dg solid F™"-algebra on Rig. equipped

with a Frobenius operator ¢ and a monodromy operator N such that N¢ = p¢N. For a rigid ana-

lytic variety X € Rigq, we define the Hyodo-Kato cohomology of X by RI'yk(X) := RI'(X, “Aik).
We have the following local-global compatibility.

Proposition 3.10. [CN20, Proposition 4.11 and Proposition 4.23] (i) For a semistable formal
scheme 2 over Ok, the natural morphism

RFHK(%l) — RFHK(%K)

in D(Mod$i) is a strict quasi-isomorphism.
(i) For & € ///gs’b, the natural morphism

RFHK(%) — RFHK(%C)
in D(Mod32id) is a strict quasi-isomorphism.

In the geometric setup, we have the Hyodo-Kato isomorphism.
The following Hyodo-Kato isomorphism follows from [CN25, Theorem 4.6] and [Bos23, Theorem
2.3.14].

Proposition 3.11. Suppose X is a dagger variety over C, we have a natural isomorphism in
D(Mods(’?hd) :

Rk (X) @8 C =5 RT4r(X).
3.2.2. Compactly supported Hyodo-Kato cohomology for rigid analytic varieties. We review the

definition of compactly supported Hyodo-Kato cohomology for rigid analytic varieties, which is
defined in [AGN25, 4.3].

Definition 3.12. Let X be a rigid analytic varieties over L = K or C, the compactly supported
Hyodo-Kato cohomology for X is defined to be

RFHK’C(X) = h%nl [RFHK (X) — RFHK(X — U)]
vcx
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in D(Modsfgd), where the filtered colimit is indexed by quasi-compact opens U in X, and Lp = F
when L = K and Lp = F™ when L = C.

We have similar definitions for compactly supported de Rham, BCTR, étale, syntomic and pro-
étale cohomology for rigid analytic varieties. All these cohomology groups with compact support
are contravariant with proper morphisms and covariant with open immersions.

Remark 3.13. One should be careful with the terminology used. When X is partially proper,
the definition of compactly supported pro-étale cohomology coincidences with Huber’s definition
of compactly supported étale cohomology in [Hub96] (and [Hub98] for p—adic cohomology), see
[AGN25, Section 2] for more details.

3.2.3. Compactly supported Hyodo-Kato cohomology for dagger analytic varieties. Now suppose X
is a dagger variety over L = K or C. We firstly assume that X is dagger affinoid. According to
[Vez18] we can take a presentation {Xj}i>1 of X, where all X}, are smooth affinoid rigid analytic
varieties over L such that X7 ® Xo ... and there intersection is X. Denote by @4k the analytic
sheafification of the presheaf

X 5 ROy (X) := colimy[RTkk (Xi) — RTuk (X), — X)).
For a general X, define the overconvergent compactly supported Hyodo-Kato cohomology by
RTuK o(X) := RI'(X, k).
This definition satisfies local global compatibility.
Proposition 3.14. [AGN25, Corollary 4.16] If X is dagger affinoid, then we have a natural quasi-

isomorphism
Rk e(X) = Ry o (X)
We have similar definitions and properties for compactly supported de Rham, BIR, syntomic

and pro-étale cohomology for dagger analytic varieties.
When X is partially proper, we can compare the two definitions as expected.

Proposition 3.15. [AGN25, Proposition 4.18] Suppose X is moreover partially proper, then we
have a natural quasi-isomorphism

RIpx (X)) = Rk o(X).

The same proposition also holds for compactly supported de Rham, B(;FR, étale and pro-étale coho-
mology.

3.2.4. Galois descent. In the arithmetic setup, one can recover the Hyodo-Kato by using Galois
descent.

Proposition 3.16. Suppose that X is a dagger variety over K, and G := Gal(K/K). Then the
natural projection Xo — X induces a natural isomorphism in D(Moda);d) :

RIuk(X) = Rk (Xo)9%, Rk o(X) = Rk .(Xo)9K.
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Proof. We may assume X is dagger affinoid, as solid G-cohomology commutes with limits and also
filtered colimits since G is profinite. For the Hyodo-Kato cohomology, this follows from [CN20,
Remark 5.21] and finiteness of Hyodo-Kato cohomology. The claim for Hyodo-Kato cohomology
with compact support then follows. ]

4. GEOMETRIC PROPERTIES

As outlined in the introduction, this section is devoted to proving some geometric properties
for analytic varieties, mainly for dagger varieties. This includes the Mayer-Vietoris property, the
Poincaré duality, the open-closed exact sequence and the Gysin isomorphism.

4.1. Mayer-Vietoris property. Using the results from [Guo23], we construct several Mayer-
Vietoris exact sequences for rigid analytic and dagger varieties. We start with an abstract definition
of the Mayer-Vietoris property.

Definition 4.1. Let C be a site, F': C°® — D be a pre(co)sheaf valued in a stable co-category D.
For a commutative square

Y — X

L

Y — X

we will say that F satisfies the Mayer-Vietoris property for this square if F' sends it to a cartesian
square. In this case, we will also call this square F-acyclic.

Example 4.2. Let C = Sch, (or Rig,,Rigl,...) with a Grothendieck topology 7 (of suitably
bounded cardinality if 7 is large), D = D(CondAb), F = RI'(—, F) for a condensed abelian sheaf
F on X;. Then the square

uny —V

I

U— X

is F-acyclic for any U,V open in X with X = U U V. This is the usual Mayer-Vietoris sequence.
Similarly, for C = Sch, or Rig!, cosheaf F = RI'.(—, F) is F-acyclic.

Example 4.3. [Gei06] implies for a commutative ring A, F' = RI'¢(—,A) : (Sch /k)°? — D(Ab)
has the Mayer-Vietoris property for abstract blow up squares. An abstract blow up square means
Y is a closed immersion of X, f : X’ — X is proper surjective which induces an isomorphism of
X' —f YY) - X~Y,and Y’ = X' x x Y. We will prove similar results in the rigid analytic/dagger
settings.

Example 4.4. According to [Beil2] and [Beil3], F' = R[gr(—) or F' = RI'yk(—) has the Mayer-
Vietoris property for proper surjective cartesian square, i.e. Y/ = X’ xx Y and X’ — X is proper
surjective.

Now we will state the main result of this section.
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Proposition 4.5. Suppose C = Rig;, or RigE, L=K orC. Let X € C,Y C X be a nowhere dense
analytic closed subspace, Y' = X' xx Y, Then any square

Y — > Y

L

X — X

satisfying one of the following two conditions

(1)
(2)

X' — X is a blowup along Y.
X is quasi-compact, Y is an irreducible component of X, and X' is the union of all the
other irreducible components of X.

Then for the functors F' = R prost(—, Qp) or RT'¢¢(—, Qp) or RL¢n(—, F) or RIqr(—) or RF(—/B;R)
or RI'uk(—) (only for C = RigTL in this case) from C°P — D(Mod?Q?;id), the above commutative
square is F-acyclic.

Remark 4.6. After covering X by open (dagger) affinoids, as limits and colimits of cartesian
squares is still cartesian, we may assume that X is affinoid or dagger affinoid in each situation
(except the argument for étale cohomology).

Proof. We assume first that X is affinoid.

Now

éh and de-Rham cohomology: This follows from [Guo23, Proposition 5.1.4].

étale and pro-étale cohomology: The sheaf X — RI'(Xg, A) is a v-sheaf, hence an éh-sheaf
over Rigy,. Therefore, RT'(Xg, A) = RI'(X¢n, A) for any commutative ring A. After taking
limits we get the Mayer-Vietoris property for RI'(X¢, Zy), tensoring Q, we get the Mayer-
Vietoris property for RI'(X¢, Qp). Since X is quasi-compact, RI'(X¢;, Qp) = RI'(Xproet, Qp)
and therefore the Mayer-Vietoris property also holds for RI"(Xprest, Qp)-

we assume X is dagger affinoid.

éh and de-Rham cohomology: The proof is same as [Guo23, Proposition 5.1.4] except that
here we need to use overconvergent setup.

étale cohomology: By [Vez18], RI'(Xg, A) ~ R,F()?ét,A) for any commutative ring A, and
the Mayer-Vietoris property follows from the affinoid case.

pro-étale cohomology: We use the presentation of an affinoid dagger variety. Take a presen-
tation { X} of X, and we may assume X is small enough so that Y can be extended to a
closed subvariety Y7 C X; (because X is affinoid, Y is defined by a finite number of formal
power series which can be extended their definition a little bit outside Y C X;). Therefore,
we may assume X has a presentation {X}} such that it can induce a presentation {Y;,} of
Y such that Y}, C X}, is closed immersions.

We can then construct X; = Bly, (X3), the blowup of X}, along Y}, and denote by Y, =
X}, xx, Y. We note that X; = X| x x, X}, for any h. According to the definition of pro-étale
cohomology of dagger varieties, RI'(Xprost, Qp) = colimy, RI'( X}, prosts @p)s RT (Yprost, Qp) =~
colimy, RI'(Y}, progt, Qp), we want to prove that

R (X o6, Qp) = colimpy, RU(XG, ot @p)y RU(Ypoer, @p) = colimy, RT(Yy Lrosrs @p)-
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According to the construction of blowups, if we assume Xj = Sp(A4y) and X = Spf (A),
we can find a finite dagger affinoid hypercovering of X’ by U*® such that locally they are the
disjoint union of Spec(A4)) (relative Spec, see [Con06]), and we can construct hypercover-
ings of X} by Up in a compatible way (which means locally they are the disjoint union of
Spec(Ap,(a))). Therefore,

RF(XIIJroét’ Qp) = RF(UI;roét’ Qp) = COhmh RF(Ui:,proét’ Qp) = COhmh RF(XI,uproétv QP)?

where the middle isomorphism follows from the fact that colimits commute with finite limits.
The same argument also shows that RT'(Y ¢, Qp) =~ colimy, RT'(Y), s, Qp)-

e Hyodo-Kato cohomology: We prove the claim for L = C. We know that RT'px (X) @® C ~
RT4r(X). Write C ~ F @ W for some F-vector space W. Since RI'qg(X) has the Mayer-
Vietoris property, RI'yk(X), as a direct summand of RI'gr(X) in D(Mod(SQ?;id), must also
have the Mayer-Vietoris property.

When L = K, the claim follows from the case for L = C, finiteness of Hyodo-Kato
cohomology Proposition A.7, and Galois descent.

O

The above proof for dagger varieties also shows we have Mayer-Vietoris properties for cohomology
with compact support for dagger varieties.

Proposition 4.7. The above proposition also holds for C = RigTL, L =K orC, and FF =
RFproét,c(_a Qp) or RFdR,C(_/B(TR) or RFHK,C(_)'

Proof. By assuming X is dagger affinoid and cover X’ with dagger affinoids as above, the proposition
follows from the cosheaf condition and the above Mayer-Vietoris property for the corresponding
cohomology (without compact support). O

4.2. The open-closed exact sequence. A characteristic property of cohomology with compact
support is the existence of open-closed long exact sequence. For example, for étale cohomology
with compact support, let X be a partially proper rigid analytic variety, D < X is a Zariski closed
immersion, and U := X — D — X is an open immersion. We have the following proposition, which
is implied by [Hub96, Remark 5.1.1].

Proposition 4.8. We have
RFét,C(Ua Qp) = [Rrét,c (X7 Qp) — Rrét,c(Da Qp)]

In this section, we will prove our definition of cohomology with compact support for rigid analytic
varieties have the open-closed exact sequence, when X is proper smooth or smooth with strict
normal crossings divisor Z.

Let L = K or C, suppose X is a smooth dagger variety over L. Let ¢ : Z — X be a Zariski
closed immersion, U = X — Z.

Proposition 4.9. Assume moreover that Z is smooth, or Z is a strict normal crossing divisor.
Then we have

RPdR,C(U) ~ [RFdR’C(X) — RFdR,C(Z)]

RFHK,C(U) ~ [RFHK’C(X) — RFHK’C(Z)].
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Proof. This problem is local, so we can assume X = Sp(A) is a smooth dagger affinoid variety. We
prove the claim for de Rham cohomology first.

Choose a representation A = L (1, ..., x,)" /I, and assume Z = Sp(L (1, ..., z,)' /J). By def-
inition we can find a 6 > 1 such that I C J C T,,(8) = L{6 'a1,...,6 'z,). By shrinking 6 we

can assume I C J C W,(d) = L<(5*1x1, ...,(5*1xn>T. Take a decreasing sequence d; = 4,0, — 1.
Define X}, = Sp(W,,(6r)/IW,(01)), Zr, = Sp(Wi(0p,)/IW,(91)). Moreover, if we take a generator
of J = (f1,..., fm), for any p > 1 write

:
By(p) = L <P‘1x1, o p w0 -"7“_kfm> ’

we can define a decreasing sequence of neighborhood of Zj, (resp. Z) by Vi, r, = Sp(B(6n)/J Bk (1))
(resp. Vi, = Sp(Bg(1)/JBi(1)) = Vi p N X).

Lemma 4.10. We have natural isomorphisms
RFdR(Zl) >~ COliHl,z€ RFdR(VkJ),
RFdR(Zl — Z) ~ colimy, RFdR(VkJ — (Vk,l N X))

Proof. The claims are given by the definition of de Rham cohomology by Elmar Grosse-Klonne,
see Appendix A. For the first one, note that Vj ; is a cofinal system of the set of admissible open
neighborhood U C X of Z;, then by Theorem A.5 (denote by ji : Vi1 — X1),

colimg RTqR (Vk,1) =~ colimg RI'(X1, Rjr «Q°|v;, ;) =~ colimg RT'(X1, jk +Q2°v;, ) ~ RTar(Z1).

The second argument is more subtle, but in the case Z is smooth, or Z is a strict normal crossing
divisor, by [Kie67, Theorem 1.18], we may further assume

X ~SxB" ~ 8 xSp(L(z1,...,x)),
Xp, =~ Sp x B(0p)" ~ S1 x Sp(L{6; a1, ..., 6}, tzr)),
where S, S, are smooth affinoids, and
Zp = Sy~ Sy x Sp(L{6; w1, 0oy 67 12y ) (1, ey 1)) > X
when Z is smooth, or
Zp, =~ Sy x Sp(L{S;, tan, ooy 65 tay) [ (w1292 ) ) < X

when Z is a strict normal crossing divisor. Let jppn : Vir — (Ver N X) — X — X. When Z is
smooth, we can let Vj, , ~ S, x B(wk)" and Jk,h can be described as (S, —5) x B(w*)". By Theorem
A5,

RIar(Z1 — Z) =~ RI'(X1 — X, colimy, jk,1,+2;, | _v;.)
~ Rlimj RI'(X; — X}, colimy, jk,l,*Q{/kyl—VK|XrX,3)
~ Rlimy, colimg RUar (Vi1 — Viep)
~ Rlimy, RCqr (Vi1 — Vigp) = REar(Vir — (Vi1 0 X)),

When Z is a strict normal crossings divisor, one can use the éh-descent to reduce to the smooth
case. ]
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By definition, we have
RIgR,c(X) =~ colim; [RT'gqr (X1) = RIqr((X1 — X))].
We also have
RIgR,c(U) ~ colimy RI'gr (X — Vi)
~ colimy[RI'qr (X1) = RIqr((X1 — X) U Vi 1)]
Using the lemma above, we have
RI4r.c(Z) ~ [RT'qr(Z1) = RI4qr((Z1 — 2))]
=~ colimy[RTar (Vi,1) = RLar (Vi1 — (Vien N X))
~ colimy[RCqr (X1 — X) U Vi1) = REar((X1 — X))].

The last isomorphism follows from the excision square:

Vk’1 — (Vk,1 N X) _ Vk71

J |

X1 -X — (Xl—X)Ukal.

By Combining the above three isomorphisms we get the desired proposition for de Rham cohomol-
ogy.

If X is defined over L = C', the proof for Hyodo-Kato cohomology follows from the Hyodo-Kato
isomorphism. Then for L = K we use Galois descent. This concludes the proof. O

Remark 4.11. If Z is not Zariski closed, it seems one could not even give a reasonable way to
define RI'4r ¢ (X) = RI'4r.o(Z).

Remark 4.12. One could begin by assuming the existence of a tubular neighborhood and proving
the proposition through direct computation. Initially, we aimed to establish the proposition for
any Z without extra assumptions. According to the proof, the primary issue for a general Z is that
Z1 — Z is not quasi-compact, and we do not have a straightforward characterization of the de Rham
cohomology as described by Grosse-Klonne. It remains uncertain whether the requirement for Z
can be relaxed. However, if X is proper, the definition of cohomology with compact support used
in rigid analytic varieties allows us to remove the requirement for Z through a different approach,
as presented below.

Proposition 4.13. If X is proper, we have
RL4R,c(U) = [RTar(X) = RIar(Z2)],
Rk, c(U) =~ [RT'ak (X) — RT'ax(Z)].
Proof. By excision,
RI 4R c(U) =~ colimyeq)[RI'ar(U) = RTar(U — W)]
=~ colimyyeq ) [RIar (X) = RIGr(X — W)].
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It is suffices to show
COHmWECD(U) RFdR(X - W) — RFdR(Z)
Cover X by finite affinoid dagger varieties X7y, ..., X;n,, and let Z; = X; N Z. Write

X; = Sp(Ai) = Sp(L (@1, ..., zn) /1),

X2 = | Sp(L (67w, s ) /1)),
0—1
and assume Z; is cut out by an ideal I; = (fi1, ..., fii) C A; (we can fix a large [ and a large n for
all 7). For any small p > 0, define

‘/z(p) = {|flj(x)| < paj = 1a2a al} = Sp (A <P_1fila -'-ap_lfil>T) .

Denote by V(p) = Vi(p) U...U Vi (p).
The proposition follows from the next lemma.

Lemma 4.14. V(p) is an admissible open subset of X. Let j(p) : V(p) — X, then for any sheaf F
on V(p) locally free of finite rank, R'j(p)«F = 0 for i > 0. Moreover, {V(p)}, is a cofinal system
of the set of admissible open neighborhood U C X of Z, and

colimyycq () RLgr(X — W) = colim, 0 RTqr (X — V(p)).
Proof. To prove V(p) is admissible, it suffices to show V(p) N X; is admissible for each i. For this

we use [BGR84, 9.1.4, Corolly 4]. The second claim is clear. [Kis99, Lemma 2.3] implies {V(p)},
is a cofinal system of the set of admissible open neighborhood U C X of Z. For the last statement,

for any small p define
o\t
Wi(p) = USP (A <sz‘j1> ) €X;
J

and W(p) = Wi(p) U...UWp,(p). Use loc. cit. {W(p)}, is a cofinal system of ®(U). It is suffices
to show that for any p, there exist p” < p’ < p, such that

X —=V(p) CcW(p) X -V(p").

For the left side, we can just take p = p’ by the construction of W (p). For the left side, loc. cit.
ensures the existence of p”. O

To complete the proof, since X is proper,
colimyycg(r) RTar (X — W) = colim,_,o RTqr (X — V(p))
~ colim, RF(X,j(p)*Q&_V(p))
~ RT'(X,, colim, 0 j(0)+ Q2% _v(,))
~ RTqr(Z).

The last isomorphism follows from the above lemma and Theorem A.5 from the Appendix A. Finally,
the claim for Hyodo-Kato cohomology follows from the Hyodo-Kato isomorphism (for L = C, then
for L = K we use Galois descent). O
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4.3. The Poincaré duality. In this section, following [AGN25], we will review the Poincaré du-

ality for de Rham cohomology and Hyodo-Kato cohomology of smooth dagger varieties. We will

compare the Poincaré duality for de Rham cohomology with the one constructed in [LLZ23]. We

will then deduce the Gysin sequence from the open-closed long exact sequence and Poincaré duality.
The Poincaré duality for de Rham cohomology is formulated as follows.

Theorem 4.15. [AGN25, Theorem 5.29] Let Y be a partially proper smooth rigid analytic variety
or a quasi-compact smooth dagger variety over L = K or C of dimension d. Then there is a natural
trace map

trqr : RPdR’C(Y)[Qd] — L,

that induce a perfect pairing
L
RFdR(Y) ®L. RFdR’C(Y)[Qd] — RFdR’C(Y)[Qd] — L.
Moreover, the trace map trqr is compatible with restrictions to open dagger subvarieties.
In [LLZ23], they also constructed the Poincaré duality for étale cohomolgy of an almost proper
smooth rigid analytic variety Y over K, i.e., Y can be written as X — Z, where X is a proper
smooth rigid analytic variety defined over K and Z is Zariski closed in X. The main goal of this

section is to compare these two construction, which will be used when proving GAGA in the next
section.

Remark 4.16. In [LLZ23], they also constructed the Poincaré duality for étale cohomolgy of
almost proper smooth rigid analytic varieties. We refer the reader to [LLZ23, Theorem 4.4.1] for
the statements.

We begin with compactly supported de Rham cohomology defined in [LLZ23]. Let Y = X — Z,
where X is a proper smooth rigid analytic variety defined over L = K or C' and Z is strictly normal
crossing divisor in X. We endow X with the log structure induced by Z. Denote by Z be the
invertible ideal sheaf of Ox associated to the closed immersion Z — X.

Definition 4.17. [LLZ23, Definition 3.1.1] The compactly supported de Rham cohomology of Y
(by Lan-Liu-Zhu) is defined to be

Rl rrze(Y) := RI(X,Z Q0 Q}l/"g)

in D(Mod(L°ld)).

Remark 4.18. This definition also applies to algebraic varieties.

Lemma 4.19. We have a natural (non-filtered) quasi-isomorphism
Rl4r117¢(Y) = RTar.c(Y).

Proof. This follows from Proposition 4.13 and [LL.Z23, Proposition 4.3.4]: write Z as the union of
irreducible components Z = Z; U ... U Z,,, where Zy, ..., Z,, are smooth. Denote by Z°® the Cech
nerve of the map [[ Z; — Z, then both definitions can be written as

RFdR,*,C(U) ~ [RFdR(X) — RFdR(Z.)],
where * = & or LLZ. O



26 XINYU SHAO

Now suppose X is defined over L = K. Denote by
trar,LLz ¢ Rlarnnzc(Y)[2d] = K

the trace map defined in [LLZ23, Theorem 4.2.1]. We want to compare trqr,rz with trgr. Both
constructions rely on the Serre duality for coherent sheaves on rigid analytic varieties, which was
studied in [Bey97]. We begin with the definition of algebraic local cohomology for local rings. Let

(R,m) be a noetherian local ring, M be a finitely generated R-module, and M be its associated
coherent Spec(R)-module. Denote by X := Spec(R) and U := X — {m}. Consider the functor
T'w(M) := {a € M|3t € N such that m’a = 0}.
Then the local cohomology of M with support in m is defined to be
H.(M) := H"(RTy(M)).

Now we define the canonical residue map. Let R = L[[z1,...,z4]] be the ring of formal power
series over a p-adic field L, and m = (1, ..., 24). Consider Q3, /L the algebra of differential forms of
R/L, then Q%/L ~ L[[x1, ..., z4]]dz1 Adxo A ... Adzg. By [Har66], we have

Hﬁ(Q%/L) o~ {Z aox®dry Adzg A ... Adzg,a = (a1, ..., aq) € ZLy, a0 € L} ,
o

where the sum is finite. The residue map
res(g) Hg(QC}l%/L) — L

is then given by
Z agr®dry Ndrg Ao NdTg = a_1 1. 1)
[0
By [Bey97, Proposition 3.2.1], the residue map is independent of the choice of coordinate (z).
In general, if R is a complete regular local ring over L of dimension d, with maximal ideal m,
such that L' = R/m is a finite field extension of L. By choosing a regular system of parameters ()
of R, we have R ~ L'[[x1, ..., 24]]. We can define the residue map

res(y) - H“i(Q‘f%/L) — L

by composing the residue map above with the canonical trace map of finite field extension L'/L.
This is also independent of the choice of coordinate (x). Therefore, we will denote it by resy, .

Now let Y be a rigid analytic variety over L, F a coherent sheaf on Y. Let y € Y be a classical
point, i.e. defined by a finite field extension of L, and m, be the maximal ideal of the stalk Oy,.
Denote by (R,m, M) be the my-adic completion of (Oy,y, m,,Fy). According to [LLZ23, Lemma
4.1.1], there exists a canonical map

Hy () — HU(Y, F). (4.1)
If moreover Y is proper smooth, then there exists a coherent trace map

treon : HUY, F) — L,
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whose pre-composition with (4.1), is the canonical residue map for any classical point y. treop is
an isomorphism if Y is geometrically connected. The coherent trace map allows us to deduce the
Serre duality [Bey97] for coherent complex on proper smooth rigid analytic varieties.

trqr,Lrz is then defined by the composition

d,d d,l
Hgl%,LLZ,c(Y) = HH:)dge,c(Y7 OY) = Hd(le- ®OX Q)éog) = Hd(X, le() — L,

where the first isomorphism follows from the degeneration of the Hodge—de Rham spectral sequence

BT = Hy g (Y, Oy) = Hg, 117,.(Y)

on the Ey page by [LLZ23, Theorem 3.1.10]. trqr 11z can be extended on derived level.

In [AGN25], trqg is defined for Y by the cosheaf condition: they construct trgg for Stein spaces
first, by using the coherent trace map for Stein spaces constructed in [vdP92]. Note that the
coherent trace map for Stein spaces in [vdP92] is compatible with the one in [Bey97]: it suffices
to check it for open disc, which follows from [vdP92, Theorem 3.7] and a direct computation. In
particular, we have

Lemma 4.20. Via the natural quasi-isomorphism Ry 117.¢(Y) = RIgrc(Y), we have

trqr,LLz = trar,

which is also Galois equivariant.

Proof. Since trgr is compatible with open immersions, and trqr 117 has similar compatibility by
[LLZ23, Lemma 4.2.12], we may assume Y is proper. In this case, both are just the coherent trace

map treon @ HA(Y, Qil,/K) — K via the canonical isomorphism H4(Y, Qil,/K) = H& ().

To see that the de Rham trace map is Galois equivariant, we need to show the square
trCO
HY(Yp, Q) —= C
| |
d(yve (Od treon
HYY&,Q g) —= C.

is commutative, where o € Gal(C/K). In fact, according to [Bey97], we can take a point y € YV
and the trace map tr : Hg(le/C) — (' is surjective which can be factorized as

d d d d treoh
HJ(Q5,) — HY(Ye,Qf,) —= C.
Since treop is an isomorphism, we are reduced to showing that the square

t

HI(Q,) —— L

[
t

Hyo () —— L

is commutative, where 3 is the preimage of y of Y5 — Yc. This can be deduced from the
construction of the residue map for local cohomology. O
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In particular, we may safely use all propositions in [LLZ23] when Y is an almost proper rigid
analytic variety over K.

The Poincaré duality for Hyodo-Kato cohomology of open rigid analytic varieties is formulated
as follows, which can be deduced from the Poincaré duality for de Rham cohomolgy.

Theorem 4.21. [AGN25, Theorem 5.34] Let Y be

(1) a partially proper smooth rigid analytic variety or a quasi-compact smooth dagger variety
over L = C' of dimension d, and denote Lp = F™; or

(2) a proper smooth rigid analytic variety that is defined over L = K and admits a proper
semistable formal model over Spf(Ok), and denote Lp = F'.

Then:

(i) There is a natural trace map in (¢, N) solid Lp-vector spaces:

trgk : RFHK’C(Y) [Qd] — LF{—d},

compatible with the Hyodo-Kato morphism.
(ii) The pairing

RIux (V) ©® RTgk (Y)[2d] = Rk (Y)[2d] — Lp{—d}

is a perfect duality of (¢, N) solid Lp-vector spaces, i.e., we have induced isomorphisms in D(Mod%}id) :
Higye(Y) = Homy . (HEiC(Y), Li{~d}),

Hik o(Y) ~ Homp, (Higi '(Y), Lp{—d}).

Remark 4.22. Similar to the Poincaré duality for de Rham cohomology, the trace map trpk is
compatible with restrictions to open dagger subvarieties.

Proof. See [AGN25, Theorem 5.34]. The proof for case (2) is the same, since we have the Hyodo-
Kato isomorphism in this case. O

The open-closed exact sequence, combined with the Poincaré duality, gives us the exact Gysin
sequence.

Proposition 4.23. If X is a smooth dagger variety over K or C, and Z C X is a smooth closed
subvariety of pure codimension i which is nowhere dense, denote by U := X — Z. Then we have

RT4r(2)[-2i] ~ [RT4r(X) — RLar(U)],
Proof. We prove the Gysin sequence for Hyodo-Kato cohomology, the proof for de Rham cohomol-
ogy is the same (also proved in [GKO04, Proposition 2.5]). We assume X is defined over C first.

We may assume that X is quasi-compact. Applying the Poincaré duality (Theorem 4.21) to the
open-closed exact sequence:

RFHK’C(U) ~ [RFHK(X) — RFHK(Z)],

we get,
RFHK(Z){—i}[—Qi] ~ [RFHK(X) — RFHK(U)]
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Remark 4.22 ensures the induced map RI'gyk(X) — RI'uk(U) is exactly the natural map induced
by the open immersion U — X.
The case that X is defined over K then follows by Galois descent. O

Remark 4.24. The Gysin sequence is also true for étale cohomology, which is implied by coho-
mological purity [Hub96, 3.9].

5. APPLICATIONS

In this section, we prove the comparison between algebraic and analytic Hyodo-Kato cohomology
and the semistable conjecture for étale cohomology of almost proper rigid analytic varieties. We will
also show that Tsuji’s compactly supported log-crystalline cohomology (after inverting p) agrees
with our definition of compactly supported Hyodo-Kato cohomology.

5.1. Algebraic and analytic Hyodo-Kato cohomology. Recall that for an algebraic variety, we
can compare the algebraic and analytic de Rham cohomology. This follows from [GK04, Theorem
2.3] and Theorem A.5.

Theorem 5.1. Let X be an algebraic variety over L, and X®" be its analytification. Then there
exists a natural quasi-isomorphism

RPgr(X) = RLar(X™").

In this section we will prove the same result for Hyodo-Kato cohomology. Note that for de
Rham cohomology, we can construct the comparison map between algebraic and analytic de Rham
cohomology immediately from the projection X., — X,ar, and prove it is an isomorphism by
resolution of singularities and the existence of tubular neighborhood after desingularization. For
Hyodo-Kato cohomology it is unclear how to define the comparison map. On the other hand, once
we are able to construct a map RT'gk(X) — RIpx(X?"), which is compatibility via the Hyodo-
Kato isomorphism with its de Rham version, the naturality of this map can be easily deduced from
the naturality of its de Rham version. If X is defined over K, we can base change it to C, and then
we use the Galois descent.

Theorem 5.2. Let X be an algebraic variety over K, and X" be its analytification. Then there
exists a natural quasi-isomorphism

RIuk (X) = RIgk (X),

which is compatible with Frobenius, monodromy, and the GAGA morphism for de Rham cohomology,
1.e. we have the following commutative square:

RFHK(Xan) e RPdR(Xan),
where the horizontal maps are Hyodo-Kato morphisms.

In geometric case, one needs to moreover take base change over K — C.
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Theorem 5.3. Let X be an algebraic variety over K, and X&' be the analytification of X¢ =
X x5 C. Then there exist a natural quasi-isomorphism

RTuk (X) = RIpk (X&),

which is compatible with Galois action (when X is the base change of some Xo over K ), Frobenius,
monodromy, and the GAGA morphism for de Rham cohomology.

5.1.1. The local case. We prove the case for Beilinson basis first, i.e. we are going to show the
following proposition.

Proposition 5.4. Suppose (U,U) is a strict semistable pair over K, as in Definition 2.6. Then
we have natural (with respect to all strict semistable pairs) quasi-isomorphisms

Rk (U) = Rk (U™),

Rk (Uz) — RUux (UE).

Moreover, both are compatible with Galois action, Frobenius, monodromy, and the GAGA morphism
for de Rham cohomology.

Proof. Consider a strict ss-pair (U,U). Let Z = Ug — U. The local-global compatibility for
algebraic varieties (Proposition 3.1) and rigid analytic varieties (Proposition 3.10) imply

Lemma 5.5. We have natural quasi-isomorphisms
RIak(Ux) — Ruk(Uy), RIuk(Z) = RTux(Z°),

which are compatible with Galois action, Frobenius, monodromy, and the GAGA morphism for de
Rham cohomology.

Proof. Since the p-adic completion of U is a semistable formal model of U?, the first quasi-
isomorphism can be defined as the identity.

For the second isomorphism, according to Lemma 2.7, the p-adic completion of Z is a semistable
formal model of Z2" if Z is smooth, therefore we have the natural quasi-isomorphism.

In general, write Z = Dy U ... U Dy, where D; are irreducible components of Z. The h-descent
for algebraic varieties and éh-descent for rigid analytic varieties allow us to reduce to the case that
Z is smooth.

To show the compatibility with the GAGA morphism for de Rham cohomology, note that for U
we have the following diagram

RFHK(ﬁl]) i> RFHK(UK) EE— RFdR(UK)

H 5 5

RFHK(ﬁ;) —=— RI'uk (U ) — RTar(U%),
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where the left square is commutative. To show the right square is commutative, it suffices to prove
that the big square is commutative. The horizonal maps are given by

RTuk (U]) —— Rk (T)) ©p K~ RTwie(T1/0% ), —— RTar(Uk)

| | l

—0 —0 L = ~ —an
RFHK(UI) —_— RFHK(UI) ®FK i) chris(Ul/OIX()Qp E— RFdR(UK),

and we are reduced to showing the rightmost square is commutative. In fact, we can prove the
integral version of the commutativity of the square, i.e., that the diagram

/

RFcriS(Ul/Ofg) = limn chris (Ul/oﬁ',n) ~ limn RFdR(Ul/O[X(’n) ‘/

\

is commutative, where I is the p-adic completion of U. Here we use the fact that the rigid generic
fiber of U coincidence with Uy . But this is exactly the construction for formal functions theorem,
as described in [Gro61, section 4].

By reducing to the smooth case, the same argument also shows the compatibility for Z. O

RI4r(U/Of)

RL4r(U/Oj)

By the definition of compactly supported Hyodo-Kato cohomology defined in Definition 3.3, we
have

Rk c(U) ~ [RCuk (Ug) — Ruk (2)].
By Proposition 4.13, we also have

RFHK,C(Uan) = [RFHK(U?) — RFHK(Zan)].
Therefore, the above lemma shows that we have the natural quasi-isomorphism

RIuk o (U) = Rlug (U™),

the same argument also shows RI'uk o(Uz) = RIuk,(U&"), which is compatible with the Hyodo-
Kato morphism for compactly supported cohomology. Since U is smooth, we can construct the
quasi-isomorphism RI'yk (Uz) = Rk (UZP) as the dotted arrow as follows, by using the Poincaré
duality:

RFHK(UF) é RFHK,C(UF)V

RIuk (UE) —— Rluk (UE")Y.

Here the right vertical map makes sense as both the algebraic and analytic Hyodo-Kato trace map
are compatible with the de Rham trace map (under the Hyodo-Kato morphism), and we know that
the algebraic and analytic de Rham trace maps are compatible with GAGA morphism ([LLZ23,
Lemma 5.4]).
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This also implies that the isomorphism RI'yk (Uz) = RI'gk (U&") is compatible with the Hyodo-
Kato morphism, as we have the follow commutative diagram:

Rl (Ug) @pme C —— Rluk o(Ug)Y @pme C «—=— Rlar,c(Uc)” «—=— RTar(Uc)

i 1 1 3

RFHK(Ugn) &) pnr C i> RFHK’C(UgH)V &) pnr C T RFdR’C(Ugn)V <T RFdR(Ugn).

Since the Hyodo-Kato cohomology satisfies Galois descent, after taking Galois invariants, we
have

RFHK(U) >~ RFHK(Uan),
which is also compatible with the Hyodo-Kato morphism. o o
Finally, our construction is functorial, i.e., for a morphism of semistable pairs (U’,U’) — (U, U),

where (U,U) is a semistable pair over K and (U’,U’) is a semistable pair over K’, we have a
commutative square

RFHK(U) é RFHK (Uan)

| |

Rluk(U') —— RIux(U'*"),

and a similar commutative square over K. To see this, we may assume K’ is a finite extension of
K with residue field k', and F’ is the fraction field of W (k). Then after tensoring K’ over F', by
using Hyodo-Kato isomorphism it suffices to check that the square

RFdR(UK/) % RFdR(U?(I})

| |

RFdR(U,) XRp Fr—= RFdR(U,an) RF F/,

commutes, which is clear as the de Rham GAGA morphism is functorial. O

5.1.2. The global case. For a general algebraic variety X, take a h-cover (U ',U.) — X. Since we
have proved the GAGA for a local model, we have

RFHK (Xan) L) RFHK (Uan,o)_

In order to constructed the dotted arrow, it suffices to show that the bottom arrow is a quasi-
isomorphism. In general we don’t know if we have h-descent for rigid analytic varieties. But thanks
to the Hyodo-Kato morphism and GAGA for de Rham cohomology, this is not a problem for us: if
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X is defined over K, after applying @z« C' to the above square, we get a commutative diagram

RI4r(Xc) —— RIar(UQ)

RIgr (X&) SN RT4r(UZ""),

where the vertical maps are given by the GAGA for algebraic and analytic de Rham cohomology.
Therefore 1 is a quasi-isomorphism, since ¢ = ¥ @pnr C' is also a quasi-isomorphism. Therefore
we can construct a natural quasi-isomorphism Ry (X) = Rk (X&). This quasi-isomorphism
is compatible with Galois action, Frobenius, monodromy, and the GAGA morphism for de Rham
cohomology by our construction and Proposition 5.4.

When X is defined over K, we can use the same construction as above: with the same notations,
note that 1 is still a quasi-isomorphism by Galois descent.

5.1.3. Algebraic and analytic cohomology with compact support. We prove the GAGA for de Rham
and Hyodo-Kato cohomology with compact support.

Theorem 5.6. Let X be an algebraic variety over C, and X" be its analytification. Then we have
a natural quasi-isomorphism

RTgr,o(X) = RTgro(X™),
which is compatible with Galois action. Moreover, the morphism makes the following square com-

mutes:
RFdR,c (X) i) RFdR,C (Xan)

l l (5.1)

RT4r(X) — RLqr(X™).

Proof. When X is smooth, the theorem follows from GAGA for usual cohomology and Poincaré
duality, i.e., R[qr ¢(X) = RI'gR o(X?") is defined as the dotted arrow of the following commutative
square:

RL4r,c(X) —— RIgr(X)Y

]

Rl 4R, (X?") —— RTgr(X?*")Y.

To see the square (5.1) is commutative, by Hironaka’s resolution of singularities ([Hir64]), we may
assume X admits a smooth compactification X, such that X — X is a strictly normal crossing
divisor. Then the commutativity of (5.1) follows directly from the GAGA for coherent sheaves
([K74]), and another interpretation of compactly supported de Rham cohomology as presented in
[LLZ23, Definition 3.1.1].

In general, we use induction on the dimension of X: when the dimension of X is 0, the theorem
is clear. In general, by Hironaka’s resolution of singularities ([Hir64]), there exist a composition of
finitely many smooth blowups X,, =& X,,_1 — -+ = X1 — Xg = X, such that X,, is smooth. We
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now show the theorem is true for X,,_1. Let Y,,_1 < X,,_1 be the blowup center, and Y,, — X,
be the inverse image. Then by Proposition 4.7 we have

RIaRc(Xn—1) = [RLar.c(Yn-1) @ RT4r,c(Xn) = RT4r.o(Yn)]-

By the induction hypothesis and the fact that X, is smooth, the theorem holds for Y;,,Y,,_1 and
X, therefore an easy diagram-chasing shows the theorem also holds for X,,_i. Then the same
argument shows that the theorem holds for all X; successively, which conclude the proof. O

Theorem 5.7. Let X be an algebraic variety over K, and X be its analytification. Then we have
a natural quasi-isomorphism

RFHK’C(X) — RFHK’C(XE«H),
which is compatible with Galois action, Frobenius, monodromy, and the GAGA morphism for de
Rham cohomology with compact support. Moreover, the morphism makes the following square

commutes:
RI’HK,C(X) = RFHK,C(X?/P)

l l (5.2)

RIuk (X) —=— Rlpk(X2).

Proof. The proof is the same as the proof of compactly supported de Rham GAGA. The square
5.2 is commutative, as it is commutative after tensoring C over F™. ([l

Remark 5.8. Note that our constructions are automatically compatible with the Poincaré duality,
i.e. when X is smooth, they fit into a commutative diagram

RIuk(X) @ RIuke(X)[2d] — RTuk(X)[2d] —— Lp

- - F

RFHK(Xan) ®£; RFHK’C(Xan)[Qd] —_— RFHK’C(X)[Qd] L LF.

5.2. Semistable conjecture for open varieties. In this section we prove the following theorem,
which extends the semistable conjecture from proper smooth rigid analytic varieties to almost
proper smooth rigid analytic varieties.

Theorem 5.9. Suppose X is a proper smooth rigid analytic variety over C, Z C X 1is a strictly
normal crossing divisor, and U = X — Z.
(1) We have a Bgi-linear functorial isomorphism commuting with ¢ and N

al(U) : Hy (U, Qp) ®q, Bst = Higk (U) @ por By,
that induces a Bgr-linear filtered isomorphism

Hét(U7 Qp) ®q, Bar =~ H,

B+ (X) ®p+ Bdr.

+
dR

Here, the filtration on HJZBCTR(X) is defined by

Fil* H., (X) := Im(H"(Fil* Rl (X)) — Hp, (X))

+
BdR dR
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(2) Let i <r. Then we have an exact sequence
0= Hiy (U, Qp(r) = (Hine (V)@ BN 09" — Hp o (X)/F" 0.
dR

Moreover, when X descends to a rigid analytic variety over K, statements in (1) and (2) are
Galois equivariant.

Proof. We will prove the above theorem in following steps.
(1) Construction of the comparison map. We can define the period morphism

ast(U) : RT'¢ (U, Qp) ®q, Bst = Rk (U) ®@por By,
as follows. For r > 2d, consider the following composition
RI¢ (U, Qp(r)) = 7524 R ot (U, Qp(r)) = 7RIy (U, 1)
— Rk (U) @ pur By |V =077

L) R’FHK(U>®FanSt'
We set
ast(U) ==t "ag(r)e",
where ¢ is the generator of Z,(1) corresponding to t.
Note that agt is natural with respect to any morphism V' — U, as the same claims hold for each
maps of the construction of ag;.
(2) The compatibility with Gysin isomorphism: suppose Z is smooth, we check that the diagram
Rl (Z,Qp(—1))[—2] ®q, Bst LN RI¢(X,Qp) ®q, Bst — R (U, Q) ®q, Bst
|as@ D12 et [oa@) (5.3)
RUuk (Z2){—1}[-2] @ By —2 5 RIuk(X) @ por By —— Rux (U) @ por By,
commutes. The right square is commutative, as ag is natural with respect to the morphism X — U.

For the left square, by Theorem 2.13, we know that as(Z) and ag(X) are quasi-isomorphisms.
Denote by PDg(X) and PDyk(X) the Poincaré duality morphisms

PDét(X) : Rrét (Xa Qp) ®@p Bst — RHOHlBst (Rrét (Xa Qp(d))pd] ®Qp Bst7 Bst)v
PDyk(X) : R’k (X) @ pnr Bsy — RHomp,, (RTpk (X){d}[2d] @ pnr By, Bst)-

Here the trace map for étale cohomology is just the trace map for pro-étale cohomology: this
indeed gives a perfect pairing, for example, by the main theorem of [Zav24]. PD¢ (X) is a quasi-
isomorphism, as for any 4,

H'(RTet(X, Qp(d))[2d] ®q, Bst) = Hg *Y(X, Qp(d) @q, Bst
is a finite free Bg-module, therefore for any j > 0,

Ethgst(Hét_zd(Xv Qp(d)) ®q, Bst, Bst) = 0.
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The same argument also shows PDpg(X) is a quasi-isomorphism. Define PD¢;(Z) and PDypk(Z)
similarly. Let ig and igg be the canonical maps

¢t - R g (X, Qp) ®Qp By — RFét(Z, QP) ®Qp B,

iHK : RFHK(X) &) pnr Bst — RFHK(Z) &) pnr Bst-
Then for * =HK or ét, the Gysin morphism g, is
g« := PD.(X)™ o RHomp,, (i4]2d], Bst) o PD.(Z)[-2].

We need to show that
ast(X) © gss = guk © ast(2)(—1)[—2].
We have the following lemma.

Lemma 5.10. (1) ast(Z) 0 igy = ink © ast(Z).
(2) RHOIHBSt (Ozst(X)(d)[Qd], Bst) o PDHK(X) (@) ast(X) = P.Dét(X)
(3) RHomBst(ozst(Z)(d — 1)[2d — 2]7Bst) 9] PDHK(Z) o ast(Z) = PDét(Z)

Proof. The first lemma follows from the fact that ag is natural with respect to the morphism
Z — X.

We prove the claim (2) for X. The proof of the claim (3) for Z is the same. Recalling the
construction of agg, after choosing r,r’ > 2d, denote by s := r + 1’ — d, after twisting we need to
show that the following diagram

p

N ~ v ‘ ’

RT(X,Qp(r) @8  RLa(X,Qp(r))[2d] —— RTa(X, Qy(r +1))[2d] —— Qy(s)
)

R progt (X, @p(r)  @5%  RTproct(X, Qp(r'))[2d] —— RTproae (X, Qp(r +1'))[2d] 2% @y (s

A4 A A
Qr e Q. 4r

Rlgn(X.7)  ®f"  Rlya(X,7")[2d] — > RTuu(X, 7+ 7)[2d] — 2" Qy(s)

~ ~ v

RFHK(X){T} ® Bt ®LB; RFHK(X){TI} & Bgt [Qd] e RFHK(X){T + 7“'} ® Bgt [Qd]trﬂstBst{s}'

is commutative after taking truncation 7<2¢. Here the a’s are period morphisms from [CN25, 6.9].

We only need to consider the pairings. The above two rows are naturally compatible. The
bottom two rows are commutative because the product of syntomic cohomology is defined by the
mapping fiber. The middle two rows are commutes because the classical comparison maps are
compatible with products. O
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Now we can calculate

st (X) 0 ger = st (X) 0 PDg(X) ™! o RHomp,, (i¢;[2d], Bst) 0 PDe(Z)[—2]

= PDy(X) o RHomp,, (ag (X)(d)[2d], Bst) o RHomp,, (i¢[2d), Bst) © PDey(Z)[—2)]
= PDgg(X) o RHomp,, (ie[2d] 0 ag' (X)(d)[2d], Bst) © PDst(Z)[—2]

= PDyy(X) o RHomp,, (o' (2)(d)[2d) o ink [2d], Bs) 0 PDey(Z)[~2]

= PDg(X) o RHomp,, (inx[2d], Bst) o RHomp,, (o' (Z)(d)[2d], Bst) © PDs(Z)[—2]
= PDyy(X) o RHomp,, (ink[2d], Bs;) o PDu(Z)[~2] 0 ag(Z)(—1)[-2]

= guk © st (Z)(—1)[-2].

This shows the compatibility with Gysin isomorphism.

(3) agt is a natural quasi-isomorphism compatible with Gysin morphisms. We assume first that
Z is smooth. From (2) we know that as(Z) and ag(X) are isomorphisms compatible with Gysin
morphisms. Therefore the commutative diagram in step (2) shows that we have a natural quasi-
isomorphism:

ast(U) : R4 (U, Q) ®q, Bst — RTuk(U) @por By

In general, we can write Z as the union of irreducible components Z = Z; U ... U Z,,, where
Z1, ..., Zpy are smooth. Write D; := UZ.S]- Zj. We have a map of distinguished triangles:

Rrét(Zm - Zm N Dm—h Qp(_l))[_2] ®Qp Bst E— Rrét(X - Dm—la Qp) ®Qp Bst E— Rrét(Ua Qp) ®Qp Bst
last(Z_ZODmfl)(_l)[_ﬂ last(X_Dmfl) \LOCSC(U)
RFHK(Zm —Zm N Dm_l){—l}[—Q] Qpur By ——— RFHK(X — Dm_1) Qpu By ——— RFHK(U) ® par By,

We need to check that the left square is commutative. We use induction on the number of irreducible
divisors m. Suppose that the the left square is commutative for any proper smooth rigid analytic
varieties over C' with at most m — 1 irreducible divisors. Since the Gysin map is functorial, we have
the commutative diagram

Rrét(Zm N Zm—l - Zm N Zm—l N Dm—Za Qp(_Z))[_4] — Rret( m—1 — Zm—l N Dm—2a Qp(_l))[_Q]

| !

Rrét(Zm — Zm—1 N Dm—2> Qp(_l))[_2] Rrét(X - Dm—27 Qp)

| !

Rrét(Zm - Zm N Dm—la Qp(_l))[_2] ” Rrét(X - Dm—la Qp)a
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where the horizontal rows (and the first vertical map) are the Gysin maps. We also have the similar
commutative diagram for Hyodo-Kato cohomology. Therefore it suffices to show that the diagrams

RFét(Zm—l — Zm—1N D2, Qp(_l))[_2] ®@p By —— Rrét(X — D2, Qp) ®Qp Bt
RPHK(Zm_l — ZLm—1 N Dm_g){—l}[—2] Qpnr Bgg ——— RFHK(X — Dm_g) ®pnr Bgg
and
Rrét(Zm NZm1—ZnNZp-1N Dm—2a Qp(_l))[_Q] ®Qp By —— RFét(Zm—l = Zm-1N Dm—27 QP) ®Qp By
RFHK(Zm NZm1—ZmN L1 N Dm_g){—l}[—Q] Qpnr By ——— RFHK(Zm_l — Zm-1 N Dm_Q) Q pur Byt

are commutative. In both cases we reduce the number of irreducible divisors to m — 1, then the
induction hypothesis applies. Therefore we have a natural quasi-isomorphism:

axw(U) : R0 (U, Q) ®q, Bst — RTuk(U) @pnr By.

(4) The short exact sequence. The following theorem (see [CN24, Remark 5.16]) is an extension
of the standard results for admissible filtered (¢, NV )-modules, e.g., [CF00, Proposition 5.3] or [FF'18,
Chapter 10].

Theorem 5.11. Suppose that (D,D(J{R) is an acyclic filtered (@, N)-module over C (see [CN24,
Definition 5.3.1] for the definition) with ¢-slopes in [0,7], and D ® "B C t"Dlz € D @ Bjy.
Then we have the following short eract sequence:

0 — t"Vae(D, Dig) = (D @pnr BE)N=09=P" — (D @par BJR)/t" Dl — 0,

where
‘/St(D, D:{R) = Ker((D ®Fnr Bst)N:()’(P:l _> (_D ®Fnr BdR)/DIR)

Here we take (D, D) := (Hjx(U), H. (U, Qp) ®qg, Bir)- Then for i <r we have
D ®@pu Bjp ~ Hig(U/Bjr), "Dl = Fil'(HL(U,Qp) ®q, Bar) ~ Fil" ;‘BIR(X),
where the last isomorphism follows from Theorem 2.14, and
(D ®@pur Big)/t" Dig ~ Hig(U/Big)/t" Dy =~ E(TR(X)/F”,

where the last isomorphism follows from [Sha25b, Proposition 5.17]. By using the semistable and
geometric log de Rham comparison (Theorem 2.14), and the fundamental exact sequence, we have

Ve (D, D(—fR) = Hét(U’ Qp),

and (D, D}y) is a weakly admissible filtered (¢, N)-module over C' (see [(N24, Remark 5.14]). The
¢-slopes of Hiy (U) are in [0, 1], since this is true for quasi-compact dagger varieties, and we have
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the Gysin sequence. Then for i < r the above theorem shows that we have the following short
exact sequence:

0= Hi (U, Qp(r)) = (Hin(U) @ BN ™9 = Hyy, (X)/F7 =0,

(5) The short exact sequence is Galois equivariant. Suppose that X, D, U descend to Xo, Zy, Uy
over K respectively. We need to show that the morphism g (U) ®p,, Bar is the same as the
period morphism in Theorem 2.14. Suppose first that Zj is smooth. After tensoring Bgr to the
commutative diagram 5.3, we have the commutative diagram

RI¢(Z,Qp(—1))[-2] ®q, Bar — RI'¢(X,Qp) ®q, Bar — RI'«(U,Qp) ®q, Bar
last(z)(fl)m]@BﬂBdR last(x)msthR last(U)@@BsthR

RT4r(Z0)[—2] @k Bir — RI'4r(Xo) ® xk Bar — RIar(Uo) @k Bar.-

Since the period morphism in Theorem 2.14 also satisfies the above diagram by [LLZ23, Proposition
4.3.17], it suffices to check for X (and Z) proper, ag(X) ®p,, Bdr coincidences with the period
morphism constructed in [Sch13], which follows from the local computation by Sally Gilles in
[Gil23]. In general, the same argument as in step (3) allows us to reduce the number of irreducible
divisors in X. n

Remark 5.12. The proof was originally obtained while the author was working on the GAGA
problem for Hyodo-Kato cohomology, and realized that it is also possible to deduce the semistable
conjecture for U from the proper case. However, the proof intertwines different constructions of
period morphisms and depends on Poincaré duality, which itself presents significant challenges.
As mentioned in the introduction, a forthcoming article [Sha25a] will provide a more conceptual
approach by introducing logarithmic syntomic cohomology and extending cohomology groups to
the category of vector spaces. This perspective aligns with the methodologies developed in [CN17]
and [CN24].

5.3. Comparison with Tsuji’s compactly supported log-crystalline cohomology. In this
section we prove that the compactly supported Hyodo-Kato cohomology defined above agrees with
the one previously defined by Tsuji in [Tsu99]. We first start by recalling the construction of Tsuji.

5.3.1. Definitions. We start with the geometry of monoids, which follows from [Kat94] and [Tsu99].

Let P be a monoid. An ideal I of P is a subset of P satisfying PI € I. A prime ideal p of P
is an ideal of P such that P — p is a submonoid of P. Let Spec(P) be the set of all primes of P.
The dimension dim(P) of P is the maximal length r (if it exists) of a sequence py 2 p1 2 - - p, (if
such a sequence does not exist, we define dim(P) = oo). The height ht(p) of a prime ideal p is the
maximal length r (if it exists) of a sequence p = pg 2 p1 2 - - p, (if such a sequence does not exist,
we define ht(p) = c0).

For h : Q — P a morphism of monoids, we say a prime p of P is horizontal with respect to h if
h(Q) C P —p. For a morphism f : (X, M) — (S,N) of log schemes and = € X, we say a prime p
of Mgz is horizontal with respect to f if it is horizontal with respect to fx : Nm — Msz.
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Let f: (X, M) — (S,N) be a smooth morphism of fs log schemes. Define the sheaf of ideals Z;
of the sheaf of monoids M by

I'(U,Zy) := {a € I'(U,M)la € p for all p € Spec(Mz) of height 1
horizontal with respect to f and all y € U}.
The ideal sheaf Z;Ox of Ox is quasi-coherent. If f: (X, M) — (S,N) is a log-smooth morphism
of fs log schemes with (S, N) log-regular, then we also have
LU, Zy) = {a € T(U,M)|a ¢ Ox 5 for all z € Sy},
where Sy := {z of codimension 1 such that Mz # O% ; and J\/’m = Of _——}. In particular, we

S,f(x)
have the following description:

Proposition 5.13. Let I be the ideal sheaf of Ox associated to the closed subset UyESX m of X.
Then IOx = 1;.

Let f : (X,M) — (S,N) be a log-smooth morphism of fs log-schemes. Let 2%/ be the
associated complex of log-differentials. Then the compactly supported (log-)de Rham cohomology
of Y is defined by the complex

RFdR,Tsu,C(X/S) = RF(Xa IfOX ®OX Q;(/S)
The compactly supported (log-)de Rham cohomology satisfies Poincaré duality.

Theorem 5.14. [Tsu99, Theorem 3.4] Suppose moreover that X is proper and S is the log scheme
Spec(OFy) equipped with the log structure induced by N — Op, 1+~ a for some a € OF,,. Then
(i) There is a natural trace map
trqr : RFdR,Tsu,c(X/S) — OF,n'
(ii) The pairing
Hliong(X/S) ® H?llci,_"[z‘su,c(X/S) - Hglczl{,Tsu,c (X/S) — OF,”
is perfect.

We now review the definition of compactly supported Hyodo-Kato (log-crystalline) cohomology
of Tsuji. Let (S,N) (respectively (Sp,N,)) be the log scheme Spec(Or) (respectively Spec(Op,,))
equipped with the log structure induced by N — Op,1 — 0. Let f : (X, M) — (So,Np) be a
log-smooth and universally saturated morphism of fs log-schemes of relative dimension d. Denote
by v the canonical PD-structure on the ideal pOg. We will freely use the notations and properties
of log-crystalline sites in [Kat89)].

We write M x5 the sheaf on the log-crystalline site (X/.S)ais given by

F((U¢ (T7 MT))7 MX/S) = F(T¢ MT)
Denote by u : (X/S)eis — X¢ the canonical projection. Define the sheaf of ideals Zx/g of the
sheaf of monoids M by

L((U, (T, Mr)),Zx/s) :={a € '((U,T), M)]a € p for all x € T and all p € Spec(Mrz/O75)

of height 1 horizontal with respect to J\fm/ (’);m — Mrz/O7z}-
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We write Kx/g the ideal Zx/3Ox/s of Ox/g, it is a crystal by [Tsu99, Lemma 5.3]. In particular,
if (X, M) — (Z, Mz) is a closed immersion to a smooth scheme over (Sp, Np), and (XFP, MPP)
is the PD-envelop of (X, M) in (Z, M), then there is a quasi-isomorphism

RU*KX/S o~ IfPDOXPD Q0 pp ;(PD/Sa

where fFP is the map (XTP, MPP) — (Sy, Np).
The compactly supported crystalline cohomology is defined by

chris,Tsu,c(X/S) = ligﬁ];{P((-Xv/s)cris, ICX/Sn) = hﬂRFét(Xa RU*ICX/Sn)a

and the compactly supported Hyodo-Kato cohomology is then defined by
RI'HK Tsu,c(X/S) := Rl s Tsu,c (X/S) @0, F.
If (X, M) — (Z, M) is a closed immersion to a smooth scheme over (Sp, Np), and (XFP, MPD)
is the PD-envelop of (X, M) in (Z, M), then we have a quasi-isomorphism
R cris, Tsu,o(X/S) = RLar,Tsu.c (X0 /S).
We have the log-crystalline Poincaré duality by Tsuji [Tsu99].

Theorem 5.15. [Tsu99, Proposition 5.4 and Theorem 5.5 Suppose moreover that X is proper.
Then
(i) There is a natural trace map

trak : RIHK Tsu,c(X/S) — F.
(ii) The pairing
Hik(X) ® HPQIC%(_,’iI‘su,C(X/S) — HI%I(%(,TSU,C(X/S) — F
is perfect.
We have a similar description of Tsuji’s compactly supported cohomology as last subsection.

Lemma 5.16. Suppose (U,U) € Var$s is a strict semistable pair, which is defined in Definition
2.6. Moreover assume that D := U?? — U is a smooth irreducible divisor, denote by 2 := D. Endow
(U,U) with the log structure defined by the compacting log structure of the open immersion U — U.
Then we have

RIuK, Tsu,c(Uo) =~ [RI'ax (Uo) = RTak (%))

Proof. Write i for the closed immersion %y — Uj. It suffices to show that we have a distinguished
triangle
RU*ICUO/S — RU*OUO/S — Ru*(i*(’)%/s).

Denote by (UOPD,MPD) be the log PD-envelop of (U,U)g, and let (.@(?D,MI;]O)) be the log PD-
envelop of the closed immersion %y — Uy. Since (U,Uy) is log-smooth over (S, ), the above
triangle equals

o [ ] . L]
IfPD OUOPD ®OUPD QUED/S — QﬁOPD/S — /L*Q@(%DD/S
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Since the log structure of UOPD is induced by @(1)3 D the sheaf Zsep OUPD corresponds to the closed
0

immersion of %y — Uy. This concludes the proof. O

5.3.2. Comparison with compactly supported algebraic Hyodo-Kato cohomology.

Theorem 5.17. Suppose that (U, U) € Var$ is a strict semistable pair, which is defined in Defi-
nition 2.0. Then we have a quasi-isomorphism:

RIHK Tsuc(Uo) — RUaK (U),
which is compatible with Frobenius, monodromy, and Hyodo-Kato isomorphism.

Proof. By using the Poincaré duality (Theorem 5.15 and 3.9), the quasi-isomorphism is constructed
by the following dotted arrow:

RIuK Tsuc(Uo) —— Rl (U)Y

O

5.3.3. Comparison with compactly supported analytic Hyodo-Kato cohomology. We keep most of
notations as above, but now let 2" be a proper semistable formal scheme over Spf(Of). Locally
4 can be written as Spf(R) with R the completion of an étale algebra over

1 1

) )
1. g Tag+1---Ta+b

OK<LU1,$2, <oy Ly

and we equip 2~ with the log-structure induced by the divisors & := (xg41...xz4 = 0). Let Y be the
special fiber 2y of 2. Denote by My the log-structure on Y induced by .#. Let X be the rigid
analytic variety over K associated to 42" and denote by Xj, its trivial locus. Locally Xt, is equal to
1
Sp(R [p}) \ (Zg41...xg = 0).

Since we also have the Poincaré duality for almost proper rigid analytic varieties (Theorem 4.21),
the same argument as in the last subsection gives us the comparison with compactly supported
analytic Hyodo-Kato cohomology.

Theorem 5.18. We have a quasi-isomorphism:
RFHK,Tsu,C(%) i> RFHK7C<XtI')7
which is compatible with Frobenius, monodromy, and Hyodo-Kato isomorphism.

Proof. This follows from Theorem 4.21, Theorem 5.15 and the same construction as Theorem
5.17. 0
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APPENDIX A. DE RHAM COHOMOLOGY OF ELMAR GROSSE-KLONNE

In this appendix we review the definition of de Rham cohomology defined by Elmar Grosse-
Kloénne in [GK04]. Elmar Grosse-Klonne introduced a definition of de Rham cohomology for rigid
analytic variety X, by locally embedding X into a smooth rigid analytic variety which has a dagger
structure. In this appendix we will only study the dagger variety. We will show that this definition
agrees with the overconvergent de Rham cohomology defined in [CN20] and [Bos23]. We need this
definition to prove the open-closed long exact sequence for cohomology with compact support in
Proposition 4.9.

Let X be a dagger variety over L, Y be a smooth dagger over L and let ¢ : X — Y be a closed
immersion. Those X form a site EmbRigLan equipped with the analytic topology, due to the
following lemma. In fact, the following lemma implies we can equip EmbRigTL with any topology

coming from RigTL.
Lemma A.1. Suppose X, X', X" € EmbRigTL and f : X' — X,g : X" — X be two morphisms.
Then X' xx X" € EmbRig! .

Proof. Take closed immersions X — Z, X' — Z' . X" — Z" such that Z, 7', Z" are smooth. We
can construct closed immersions by taking the diagonal embedding (also known as the graph)
X' — ZxZ7Z' X" — ZxZ". Therefore we have a close immersion X’ xx X" = X' xz; X" —
(ZxZNxz(ZxZ"=ZxZ' xZ". O

It is clear that EmbRigE form a basis of Rig} an+ We define a sheaf
Air.cx : Righ . — D(Mod$™)

by the following way: For X € EmbRigTL, let ¢ : X — Y be a closed immersion into a smooth
dagger variety Y. We denote by ®(¢,T") the set of admissible open neighborhood U C Y of X.
Denote by jir the open immersion U — Y. For an abelian sheaf F on Y, we define

]:¢ = COlimUe(I)(¢7T) jU,*f’U-
We define @4r gk to be the sheaf associated to the presheaf defined by
X = RT(X, ¢71(Q,)) = RI(Y, (23,)).
The following proposition guarantees the above definition makes sense.

Proposition A.2 ([GK04], Proposition 1.6). RI'(X, gb_l(Q;//L)) is independent of Y and ¢, it
depends only on the reduced structure of X. Moreover, RT'(X, gzb_l(Q;//L)) s a contravariant functor
m X.

For X € RigTL, we define the de Rham cohomology (of Elmar Grosse-Klonne) of X by
RIGY (X) := RT(Xan, Far,cK)-
We have local-global compatibility:
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Proposition A.3. If X € EmbRigTL and ¢ : X — Y is a closed immersion into a smooth dagger
variety Y, then

RIGR (X) = RT(X, ¢~ 1(Q1))-

Proof. The proof is similar to [Har75, 2.1]. For any embedded open covering U := {X;,Y;}ier,
where
X' = HXi S5 X, X, oY,
1€l
where X; — Y; are closed immersions into smooth dagger varieties Y;. Denote by
Xi= (X = T X Xy = Yo,
()eln
where for (’L) = (il, ...,in) € In, X(z) = Xi1 XX oo XX Xin, and ¢(z) : X(z) — Yv(l) = Y;l X ... X }/In
are given by the diagonal embedding. Therefore we can defined simplicial objects X*® and Y. For
any (i) € I" define the sheaf Ciyy on X by Cpyy = j*qb&)lQ;/(i)/L. We can define the Cech complex
C(U) associated to {X;,Yitier by C"(U) = [[(;)en Cs)- The boundary maps are given naturally
from the projection of Y(;.
We need to prove that

RU(X, 671 (Q%,)) = RU(X®, 671 (5. 1)) = RO(X,C(U)),

where the last equality comes from the cohomological descent. It suffices to show that RT'(X,C(U))
is independent of the embedded covering U := {X;,Y;};cs. For two embedded covering U :=
{Xi,Yitier and U’ := {X],Y/}jcs, we call U’ is a refinement of U if each X; is a open subset

(AR

of X /’\(i) together with a smooth morphisms Y; — Y/\’(i) compatible with the inclusion. For U’ a
refinement of U, we have the natural map

w:CU) = CU).

Since any two systems of local embedding clearly have a common refinement, we are reduced to
showing that RT'(X, u) is an isomorphism.

The problem is local, so we may assume X; = X| = X. Denote by V and V' the embedded open
covering {X1,Y1} and {X7, Y]} respectively. By the above proposition, we have

RI(X,C(V)) ~ RI(X,C(V")).
Since we have the commutative diagram

c) —— c(V)

| |

cU) — ct),

it suffices to show the map C(V) — C(U) is a quasi-isomorphism.
Write

cu)=Cc'u)+c"u),
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where for each n,

crwuy= [ ce.c"w= T[] Cu.
(B)el™i1#1 (B)el™i1=1
Now for each (i) = (i1, ..., i) € I", the boundary map ¢ : C(;y — C(14,,...4,) is an isomorphism, since
Xy and X(14,,..4,) are equal. Hence the map 0 gives a quasi-isomorphism of C'(U) onto its image
in C"(U), which is everything except C(V). Thus the map C(V) — C(U) is a quasi-isomorphism.
This concludes the proof. O

Remark A.4. We only consider the overconvergent setup. It is clear that the definition of
RI'GX(X) in this article agrees with the definition of RTqr(X) in [GKO04], and therefore all propo-
sitions in [GKO04] apply here.

The main result of this appendix is the follow.
Theorem A.5. For X € RigTL, there is a natural isomorphism in D(Mochond):
RIGR (X) = RTag(X).

Proof. The question is local, so we can assume X &€ EmbRigTL and ¢ : X — Y be a closed immersion
into a quasi compact smooth dagger variety Y.
The map can be constructed as the composition of

R (X) = RI(X,¢7'(Qy;)) = RI(X,9%/) = RTar(X).

The first map is canonical. For the second one, denote by = : RigTL h = RigTL an the natural map
between big sites. Recall that the sheaf Qéh is the éh-sheafification of the continuous differential,
i.e. Qéh = WﬁlﬁjK. We can construct the second map by the counit:

Vg = Rmr Q) = Rm g,

We proceed by induction on the dimension of X. By [GK04, Proposition 2.1] and Proposition 4.5,
both sides satisfy Mayer-Vietoris properties for a closed cover. Hence by induction on the number of
irreducible components we can reduce to the case that X is irreducible. If X is smooth, by [GK04,
Proposition 1.8] and Theorem 2.11 both sides agree with the usual de Rham cohomology defined
by continuous differentials, and the map defined above is clearly an isomorphism. In general, we
perform a resolution of singularities: use [GK04, Proposition 2.2] and Proposition 4.5 to reduce to
the smooth case. ]

The proof of the above theorem relies on the embedded desingularization for dagger varieties,
which is an easy consequence of [Tem18].

Theorem A.6 (Embedded desingularization). Let X be a quasi-compact smooth dagger variety
over L and Y — X be a closed immersion. Then there exist a finite sequence of blowups X' =
X, — Xp1— -+ = Xog = X such that the strict transform of Y is smooth, and each center of
blowups is smooth and contained in the preimage of Y.
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Proof. Any dagger L-algebra is an excellent ring: It suffices to show that the Washnitzer algebra W,
is excellent. By [GK00, Proposition 1.5], the Washnitzer algebra W, is regular and equidimensional
of dimension n, then it is clear that W), satisfies the conditions of [Mat70, Theorem 102]. Then the
same argument as in [Tem12, Sec. 5] gives the analogy result of [Tem18, Theorem 1.1.9]. O

It’s worth to mention that we have therefore the finiteness results in our settings.

Proposition A.7. Let X be a quasi-compact smooth dagger variety over L = K or C, U C X
a quasi-compact open subset, Z — X a closed immersion, T = X — (UU Z). Leti > 0. Then
the condensed cohomology group Hiy (T) (resp. Hix(T)) is a finite-dimensional condensed vector
space over Lp = F or F™ (resp. over L).

Proof. When X is defined over C, the proposition follows from the Hyodo-Kato isomorphism,
together with [GK02, Corollary 3.5] and [GK02, Theorem 3.6]; it only remains to pass to the
framework of condensed mathematics. We only need to do it for de Rham cohomology: in fact,
similar to [GK02], it suffices to establish the proposition in two cases: for X —U where X is smooth
dagger affinoid and U is a rational subdomain of X, and for X — Z where X is smooth dagger
affinoid and Z is a strictly normal crossing divisor. The first case follows from [GK02, Theorem
3.6] and the fact that we can write R['qg (X — U) as filtered colimits of de Rham cohomology of
Stein spaces (with finite de Rham cohomological groups), and the second case follows from [GK02,
Corollary 3.5], [Sha25b, Theorem 2.8] and [Sha25b, Proposition 2.10]. The result over K (for
Hyodo-Kato cohomology) then follows by Galois descent. U
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