COHOMOLOGY OF INTEGRAL STRUCTURE SHEAVES FOR OPEN
VARIETIES

XINYU SHAO

ABSTRACT. We study the cohomology of integral structure sheaves for two types of open rigid
analytic varieties: complements of divisors in quasi-compact varieties, and Stein spaces. As ap-
plications, we prove a strengthened form of the Hebbarkeitssatz (Riemann’s extension theorem),
involving the almost vanishing of R'lim, and study pro-étale G-torsors on open varieties.
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1. INTRODUCTION

Let K be a perfectoid field of mixed characteristic containing all roots of unity. Let Ok be its
ring of integers, with residue field x of characteristic p, and let m be the maximal ideal of Ox. We
write KT C Ok for an open integrally closed subring.

The theory of perfectoid spaces developed by Scholze [Sch12] provides a powerful tool for studying
the cohomology of rigid analytic varieties. Together with the pro-étale topology, it plays a central
role in p-adic Hodge theory [Sch13a]. An important ingredient is the cohomology of the integral
structure sheaf: the almost vanishing of higher cohomology on affinoid perfectoid spaces allows one
to study O /p™ by descent from perfectoid covers.
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For open varieties, logarithmic geometry provides a natural way to keep track of the boundary.
Diao, Lan, Liu and Zhu developed the theory of log adic spaces and their Kummer étale and pro-
Kummer étale topologies in [DLLZ23b]. These foundations allow one to study an open variety by
equipping a suitable compactification with the log structure associated with its boundary. They also
play an important role in the logarithmic Riemann—Hilbert correspondences of [DLLZ23a]. Using
this framework, Lan, Liu and Zhu established de Rham comparison theorems for cohomology with
compact support, as well as Poincaré duality for rational étale cohomology of smooth rigid varieties
that are Zariski open in proper rigid varieties [LLZ23].

These results motivate a closer study of integral structure sheaves on open varieties. If U is
the complement of a boundary in a quasi-compact rigid variety, then U is generally not quasi-
compact. Computing its cohomology from an increasing sequence of quasi-compact open subspaces
therefore involves derived inverse limits. In this article, we study these inverse systems directly.
We show that, under suitable smoothness assumptions, the resulting pro-systems of cohomology
groups with coefficients in O /p™ are almost constant. In the logarithmic setting, we identify their
constant values with the Kummer étale cohomology of the ambient log adic space. This gives both
a comparison across the boundary and control of the R! lim terms that occur when passing to the
open variety.

The main technical result of this article is the following.

Theorem 1.1. Let X be a quasi-compact adic space locally of finite type over Spa(K,K™), and
let D C X be a Zariski-closed subset of positive codimension everywhere such that U == X — D
is smooth. Then for any increasing sequence {Uy,}nen of quasi-compact open adic subspaces over
K such that U = |J,, Uy, and for any i > 0 and m > 1, the pro-system {H% (U, OF /p™)}nen is
almost isomorphic to the constant pro-system with value H: (U, O /p™).

Another version of this result, formulated in the language of logarithmic geometry, is the follow-
ing.

Theorem 1.2. Let X be a quasi-compact fs log adic space that is log smooth over Spa(K,K™).
Denote by U := Xy, the largest open subspace of X on which the induced log structure is trivial.
Then for any increasing sequence {Uy}nen of quasi-compact open adic subspaces over K such
that U = |J,, Un, and for any i > 0 and m > 1, the pro-system {HZ (Un, O /p™)}nen is almost
isomorphic to the constant pro-system with value H{, (X,O% /p™).

Remark 1.3. Theorem 1.2 implies Theorem 1.1. In fact, by resolution of singularities, we may
assume that X is smooth and D is a strict normal crossing divisor. Then the log structure on X
defined by D makes X log smooth. Assuming Theorem 1.2, for any i > 0 and m > 1 we have

lim HY (U, OF /p™) ~* Hi (X, 07 /p™), R'lim HY (U, OF /p™) ~* 0.
The identity
R4 (U, O /p™) ~ Rlim Rl (Uy,, O /p™)
gives the almost short exact sequence

0 = R'lim Hyr (U, OF /p™) — Hig (U, 0T [p™) — lim Hiy (Un, O /p™) — 0.
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It follows that for any ¢ > 0 and m > 1 we have
Hi (X, 0% /p™) == HY (U, 0% /p™),
which proves the claim.

Remark 1.4. Conversely, one can also deduce Theorem 1.2 from Theorem 1.1, but this implication
is less direct. Since the proofs of the two theorems are similar, we will use the language of logarithmic
geometry and prove Theorem 1.2 directly.

Remark 1.5. Theorem 1.1 does not hold for perfectoid spaces: we refer the reader to Proposition
4.10 for a counterexample.

A direct consequence of our results is a comparison between the pro-Kummer étale cohomology
of certain period sheaves over X and their pro-étale cohomology over U.

Corollary 1.6. We use the notation of Theorem 1.2. Let F be one of the sheaves O /p™ (m > 1),
o, (9”, or Aing on Xprokst. Then for i >0, the natural map

;i)rokét(Xv f) — H}iroét(U7 F)

1s an almost isomorphism.

Remark 1.7. When X is smooth and X — D is a strictly normal crossing divisor, the above
corollary should also be deduced from Mann'’s six functor formalism [Man22]: the key input is that
when D is smooth and j : U — X, we have

Rj.(Op /p) =~ Rj«(Fp) ®r, Ox/p
by purity, deduced from the Poincaré duality [Man22, Theorem 3.10.20], together with localiza-
tion and the mod-p Riemann-Hilbert functor [Man22, Theorem 3.9.23]. We will not discuss this
approach in this article.
Remark 1.8. In general, U is not quasi-compact, and the corollary does not hold for F[1/p| when
F = OF or Ayy¢. In particular, the corollary does not recover the result of [Sha25, Corollary 1.3],
where the author shows that the natural map
proket(XsBar) = Hioeo (U, Bar)
is an isomorphism for any ¢ > 0.
One can also use Theorem 1.2 to prove the first Riemann extension theorem of [Bar76, §3], which

states that if X is a normal rigid space and D is a divisor in X, then OT(X — D) = OT(X). In
fact, our results for i = 0 already imply a stronger statement':

Theorem 1.9 (Riemann I, Theorem 4.1). Let X be a normal affinoid adic space locally of finite
type over Spa(K, K), and let D C X be a Zariski-closed subset of positive codimension everywhere
such that U := X — D is smooth. Then for any increasing sequence {Uy, }nen of affinoid open adic
subspaces over K such that U = J,, Uy, we have

Ot (U)=0%X), R! lim O (U,)

1

“0.

LAs far as we know, it is not clear how to deduce R*lim, OT (U, ) ~® 0 from the proof in [Bar76, §3].



4 XINYU SHAO

Remark 1.10. We would like to emphasize that the result R! lim,, O*(U,,) ~® 0 seems to be highly
nontrivial: while the problem is purely analytic in nature, our proof relies heavily on perfectoid
geometry and p-adic Hodge theory. It would be interesting to find a more direct proof.

Remark 1.11. Another version of Riemann’s extension theorem is the “quantitative form of
Scholze’s Riemann extension theorem” proved in [Bhal8, Theorem 4.2]. While we use perfec-
toid geometry to prove Theorem 1.1, it is not clear whether [Bhal8, Theorem 4.2] can be used to
prove our results. We refer the reader to Subsection 4.2 for a detailed discussion.

The quasi-compactness condition on X is not necessary if one only needs the almost vanishing of
R!'lim. Another result of this article is the almost vanishing of R! lim for Stein (or, more generally,
partially proper) spaces:

Theorem 1.12 (Theorem 3.11). Let X be a smooth partially proper space over K, and let {Uy, }nen
be an increasing sequence of quasi-compact open adic subspaces such that X = J, U,. Then for
any i >0 and m > 1,

RYlim H., (U, OF /p™)
n
1s almost zero.

The proof of this theorem uses the following result. It is somewhat surprising that no spherical
completeness assumption on K is needed in the almost setting.

Theorem 1.13 (Theorem 3.7). Let {M,}nen be an inverse system of Ox-modules. Assume that
for each n, the image of My+1 in M, is almost finitely generated. Then

R'lim,, M,, ~* 0.

Another motivation comes from the p-adic Simpson correspondence, initiated by Faltings [Fal05].
In [Heu25], Heuer constructed an equivalence between pro-étale vector bundles and Higgs bundles
on a smooth proper rigid variety over a complete algebraically closed extension of Q,,, after choosing
a lift to B:er /€% and an exponential. An ingredient in the proof is the correspondence between small
objects: [Heu26b, Theorem 6.5] gives an equivalence between small G-bundles and small G-Higgs
bundles after fixing a toric chart, for a rigid analytic group G.

For open varieties, it is natural to ask how these small objects behave near the boundary, and
how the pro-étale theory on the open variety compares with the pro-Kummer étale theory on a
compactification. For a fixed toric chart, small G-bundles come from torsors under sufficiently
small open subgroups of GG. Such torsors can be studied using the cohomology of integral structure
sheaves [Heu26a], so our results apply to their extension across the boundary. The extension
statement below also indicates a limitation of restricting to small objects on a non-quasi-compact
variety: such torsors already extend to the logarithmic compactification, whereas the corresponding
comparison for the full structure group G can fail. We return to this point in Subsection 4.3.

For the following statement, let G be a rigid analytic group with good reduction, with a fixed
smooth formal model. Let G be its small open subgroups from Definition 4.13, and fix k£ > « in
the value group of K, where « is the constant used in Subsection 4.3.
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Theorem 1.14 (Theorem 4.16). Let X be an fs log adic space that is log smooth over Spa(K, KT).
Denote by U := X, the largest open subspace of X on which the induced log structure is trivial.
Then any Gy-torsor on Uprosr extends uniquely to a Gi-torsor on Xprokés -
Moreover, if X is affinoid or proper, and {Uy, }nen is an increasing sequence of affinoid open adic
subspaces over K such that U = |J,, Uy, then restriction induces a bijection of pointed sets
Hyyo (U, Gi) = lim Hy, o (Un, Gi),

proét
where H' denotes the set of isomorphism classes of torsors.
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Notation and conventions. We use adic spaces as in [Hub96] and log adic spaces as in [DLLZ23b].
Rigid analytic varieties over K are assumed to be separated, taut, countable at infinity, and locally
of finite type over Spa(K,Ok). All exhaustions are by open subspaces.
Almost mathematics is taken with respect to m = p'/?™, and ~® denotes an almost isomorphism.
We normalize the valuation by v(p) = 1 and write p” for a chosen element of valuation r € v(K*).
We also freely use the language of log adic spaces. For definitions and properties of log adic
spaces, we refer the reader to [DLLZ23b].

2. THE PROOF OF THEOREMS 1.1 AND 1.2

The aim of this section is to prove Theorems 1.1 and 1.2. First, we note that it suffices to prove
them for any chosen sequence {Uy, }nen, by the following simple lemma.

Lemma 2.1. For any adic space U = U,U, = U,U,, where {Up}nen and {U} }nen are two in-
creasing sequences of quasi-compact adic spaces with union U, the two ind-systems {Up}nen and
{U} }nen are equivalent. In particular, for any cohomology theory RT'x and any i > 0, the pro-
systems {HL(Uy)}p and {HL(U!)},, are equivalent.

Proof. By quasi-compactness, for any n > 0, there is some m > 0 such that U,, C U}, and U} C U,,.
Then the lemma follows. O

We also note that, as the proof of [Sch13a, Theorem 5.1] shows, it suffices to prove Theorem 1.2
when KT = Og. After recalling some facts on pro-categories, we start with the case where X is
the closed ball, which is the key computation in the proof of Theorems 1.1 and 1.2.
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2.1. Pro-categories. We recall some basic facts on pro-categories which will be used repeatedly.
Let C be a category. A pro-object of C is a functor I — C, where [ is a small cofiltered category.
We write it as {X;}icr. If X = {Xi}ier and Y = {Y}};c; are pro-objects, then

Hompro(c) (X, Y) = £1£ lll?n; Homc (Xi, }/j)
This defines the category Pro(C). For X € C, we denote by ¢(X) the associated constant pro-object.

Proposition 2.2. Let C be an abelian category. Then Pro(C) is abelian, and the constant functor
¢:C — Pro(C) is exact and fully faithful.

Proposition 2.3. Let C be an abelian category. The induced functor D*(C) — DT (Pro(C)) is fully
faithful. Equivalently, for X,Y € C and m > 0, one has

EXt (0 ((X), (Y )) = Ext (X, Y).
These facts are standard; see for instance [KXS05, Theorem 15.3.1].

Remark 2.4. Being a pro-isomorphism is in general stronger than becoming an isomorphism
after applying Rlim. For example, the natural morphism ¢(Z,) — {Z/p"},>1 induces an isomor-
phism after Rlim, since both derived inverse limits are Z,. However, it is not a pro-isomorphism:

HomPro(Ab) ({Z/pn}na C(Zp)) = hﬂn Hom(Z/p”, Zp) =0.

The following lemma, which shows the compatibility of constant pro-objects and spectral se-
quences, will be used repeatedly in the proof.

Lemma 2.5. Let C be an abelian category, and let { M2 }nen be a pro-system of Z-graded objects of
C. Fizx an integer a > 1. Suppose that, for every n € N, there is a first-quadrant spectral sequence
in C,
B, = M,

and that these spectral sequences, together with their abutment filtrations, are compatible with the
transition morphisms of the pro-system. If, for every i, j, the pro-object {Eﬁ{fa}neN 18 pro-isomorphic
to a constant pro-object c(Eé’j), then for every k, the pro-object {Mﬁ}neN s pro-isomorphic to a
constant pro-object ¢(M¥). Moreover, the spectral sequence in C with a-page EY converges to MF,
and its image under c is pro-isomorphic to the given pro-system of spectral sequences.

Proof. We regard each page {Eﬁfr}neN as an object of Pro(C). By assumption, the a-page is
constant: {E%]a}neN o~ c(EZ’j ). Under these identifications, the differential on the a-page becomes
a morphism ¢(E27) — ¢(ELT*7 7T, Since ¢ is fully faithful, it is uniquely of the form ¢(d4’) for a
morphism d’ : ELY — ELF77T in C; the identity d2 = 0 follows from the faithfulness of c. Since
¢ is exact, passing to cohomology shows that the (a + 1)-page is again constant. Inductively, for
every r > a and every i, j, one has {Eﬁﬂr}neN ~ c(EM ), and the B form a spectral sequence in C.

Fix a total degree k. Since the spectral sequences are first-quadrant, only the terms Eﬁ’ﬁfp with
0 < p < k can contribute to Mff . Moreover, for fixed (p, q), the incoming differential to EL'¥ is zero
for r > p, and the outgoing differential is zero for r > q + 1. Hence, for p + q = k, the term E}?
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has stabilized by the page r = max{a, k + 2}, uniformly in n. Therefore {EEE P}, ey ~ ¢(EZFP)
for every 0 < p < k.

By compatibility of the abutment filtrations, the pro-object {MF},cn has a finite filtration in
Pro(C) whose graded pieces are the constant pro-objects c(E&kfp ). By the derived full faithfulness
recalled above, extensions of constant pro-objects come from extensions in C; hence finite iterated
extensions of constant pro-objects are constant. It follows that there exists M* € C such that
{M*},cn ~ ¢(M*). The induced filtration on M* has graded pieces EZ 7| so the spectral sequence
in C with a-page E.’ converges to M*. Applying ¢ recovers the original pro-system of spectral
sequences up to pro-isomorphism. ]

2.2. The key computation. In this subsection, we consider the closed ball
X =B := Spa(R, R°) := Spa(K (11, ..., Ty), O (T, ..., Ty)),

with D the closed subset defined by T} --- Ty = 0. In this case, we can describe the transition map
H: (Upik, OF /p™) — H (Uy, OF /p™) very explicitly.

We endow X with the log structure given by the divisor D. Equivalently, X is endowed with
the log structure associated to the pre-log structure N¢ — K (N?) = K (T, ..., Ty), where we choose
a basis {eq, ..., eq} of N% and send e; to T;. The log adic space X admits a pro-Kummer étale cover

1 1
as follows. For each m € Zg, let —N? be the toric monoid such that N¢ < —N? can be identified
m m

1
with the multiplication map [m] : N® — N9, Let Q¢ := colim,, (Nd>, so that (@io)gp = Q.
2 m 2

Set
B,, := Spa <K <1Nd> Ok <1Nd>> ,
m m

1 1
equipped with the log structure induced by —N?¢ — K <—Nd>. The morphism B,,, — X is a finite
m m

Kummer étale cover with Galois group
Uy, = Hom(Z%, ) = i,
where p,,, is the group of m-th roots of unity in K. Denote the log affinoid perfectoid object by
B := limBy, € Xprokar,
where for m|m/, the transition maps are induced by lNd — %Nd. Then we have the associated

m
log affinoid perfectoid space

~

B = Spa(K(Qd), Ok (Q2o))-
The morphism IE — X is a Galois pro-finite Kummer étale cover with Galois group
A = Hom(Q%/Z?, p) ~ Z,
where p := UpenMt,,. The natural action of the Galois group A on K <Q§o> is given by
A1) = ()T



8 XINYU SHAO

for all vy € A and a € Q>07 where T is the element corresponding to a in K >0)
Set

X = Spa(Roo, RS 1= Spa(K(T} /7™ T)/P™), Ok (TP TP7)).

Then X — X is a Galois pro-finite Kummer étale cover® with Galois group I' := Zg.
For any n > 0, set

Uy = Spa(Ry, R}) = Spa(K (T4, .., T, p" /(T -+ Ta)), Ok (D1 oo, Ta, p" /(T - Ta))).

According to Lemma 2.1, it suffices to prove Theorem 1.2 for our chosen U,. Denote by U,
Spa(Rn,c0, IR, ) the pullback of U, along X — X. Then for n > 0 the map U, — U, is a Galms

pro-finite étale cover with Galois group I'. Since Un is an affinoid perfectoid space, the Cartan—Leray
spectral sequence gives

RL« (U, 0% /p™) ~ RImRL¢(Uy, OF /p™) ~* Rlim Rl es(T, Ry, oo /™). (2.1)
n n ’
We prove that for any i > 0, the pro-system {H/ (T, Ry, . /p™)}nen is almost isomorphic to the

constant pro-system with value H. (T, RS, /p™) (as an R°/p™-module).
For n > 1, we can decompose R;, . /p™ as an Ok /p™-module as follows:

1 (oe)
TR /e " v
1 o td s O\ Ty Ty

~R2./ @(@O /p’"-pnmaX( )>.

R /0" =" O /3"

Here w := (w1, ...,wq) € Z[1/p]? ranges over the vectors such that at least one of wy,...,wy is
n-max(w)

positive, and max(w) := max{wi,...,wg}. For simplicity, we write R, w = O /p™ - pTiw

Then B

CtS(F RO oo/p ) o~ Héts(r RO @ (@ cts F RTMW)) :

Fix m > 1 and set N := max{m,2}. We claim that for every such w, every n > 1 and every
1 > 0, the transition map

Hi (T, Ryynow) — Hi (T, Ryw)

is zero. In fact, put a := max(w) > 0. Identifying the rank-one modules R,y w and R, w
by their displayed bases gives a I'-equivariant isomorphism, under which the transition map is
multiplication by a scalar of valuation Na. If a > 1, then Na > m, so the map is already zero on
the coefficient modules. If 0 < a < 1, choose k such that wy = a and write a = r/p®, where s > 1
and (r,p) = 1. The k-th basis vector v, € I' acts on R, w by a primitive p*-th root of unity (.

2This is not a log affinoid perfectoid space according to the definition in [DLLZ23b, Definition 5.3.1], but we will
see that it suffices for computing Kummer étale cohomology.
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Since continuous group cohomology is computed by the Koszul complex, multiplication by ¢ — 1
annihilates H (', Ry, w) for every i > 0. Moreover,

cts
1 2
pip—1) T p
Thus the scalar defining the transition map is divisible by ¢ — 1 in O, so the induced map on
cohomology is zero. This proves the claim. Since NN is independent of w, the pro-system of direct
sums of these additional weight contributions is zero.
This shows that for any i > 0, the pro-system {H(I', R}, ./p™)}nen is almost isomorphic to

the constant pro-system with value HE (T, RS, /p™) (as an R°/p™-module). We have
RFkét (X7 O+/pm) = RFcts(Ay OK <Q%0>/pm) o~ R ¢ts (F7 Rgo/pm)a

where the first almost quasi-isomorphism follows from the Cartan—Leray spectral sequence, and
the second almost quasi-isomorphism follows from [Ols09, Lemma 3.10]. This completes the proof
of Theorem 1.2 in the case where X is the closed ball, and D is defined by 717 ---T; = 0. Then
Theorem 1.1 follows by Remark 1.3.

2.3. The case of tubular neighborhoods. In this subsection, we prove the case where X :=
Spa(A, A°) x i B¢ = Spa(A(T1, ..., Ty), A°(T1, ..., Ty)) for some smooth Tate algebra A over K, and
D is again the closed subset of X defined by Ty ---T; = 0. As before, we endow X with the log
structure given by the divisor D. We keep the same notation for (R, R°), (R, R,), (Rn, R;,) and
(Rn,00, Iy o) as in the previous subsection. Set

Up = Spa(A, A°) Xk Spa(R,, R;,). (2:2)

By Lemma 2.1, it suffices to prove Theorems 1.1 and 1.2 for U,.
We first consider the case where there exists an étale map

Spa(A, A°) — T¢ := Spa(K (X!, .., XT1), O (X, ..., XE1Y)
which can be written as a composition of rational subsets and finite étale maps. Denote by
Spa(Ay, A;) the pullback of Spa(A, A°) along
/ +1/pn +1/p +1/p +1/pn '
T4 .= Spa(K (X7 XTVP) O (XTVP" L XEVPTYY
and by (As, AS) the p-adic completion of the direct limit of (A, A5). Then Spa(As, A%,) —
Spa(A, A°) is a Galois pro-finite étale cover with Galois group IV := Zg/.

In this case, X := Spa(Ase®@ K Roo, Ago@)oKRgo) — X is a Galois Kummer pro-finite étale cover
with Galois group I' x I". Set

Un = Spa(Asc, A%) X i Spa(Rn,c0r R o) = SPa(Aac @ Riyoos A% B0 B o0)-

Then for n > 0 the map U, — U, is a Galois pro-finite étale cover with Galois group I' x I'. By
applying the Cartan—Leray spectral sequence, we have

R (U, OF /p™) ~ R1lim Rl ¢ (U, O /p™) ~* Rlim RT ¢ (T" x T, Ry oo/ ®0y jpm Ao /P™)-
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On the other hand, for 4,7 > 0 and n > 0, we have the spectral sequence computing continuous
group cohomology:

By = Hig(U HL (D, R, oo /9™ @0, jym A /P™)) = Hegd (T X T, R, oo /0™ ®0,c pym AS/9™).
As T acts trivially on AS_ /p™, we have
He (U, HYy (T, R oo /P™ @0 fm Ae/D™)) = Hego (U, HYy (T, R oo /P™) @0, pym Ade /D).
According to our calculation in the previous subsection, the pro-system {Hgts(F,RfL’oo /™) bnen

is almost isomorphic to the constant pro-system with value Hgts(f‘, RS, /p™). Therefore, for each

i,j > 0, the pro-system {E;JQ}%N is almost isomorphic to the constant pro-system with value

(I, Higo (T, RS /0™) @0 jpm Ao /™) = Higg (T HLy (T, RS /1™ @0, jym A /™).

Since we have

E;’j = H

cts

By’ = Hd (DX I RS /0" @0, jym ASo/p™) = HiZ! (X, 0% [p™),

cts 00 két

by Lemma 2.5, we have that for each i > 0 and m > 1, the pro-system { H. (T xI", Ry, . /p"™®0),¢ /pm
A%, /P™) }nen is almost isomorphic to the constant pro-system with value Hy (T'xTY, RS, /p™ @0, /pm
AS,/p™), which means that the pro-system {HZ (U, O" /p™)}nen is almost isomorphic to the con-
stant pro-system with value H{ (X,O0"/p™).

In general, if A is a smooth Tate algebra over K, there exists an open cover of Spa(A, A°) by
{Spa(As, A2)}ses for a finite index set S, and there exists some d’ € N such that for each s € S,

there exists an étale map

Spa(As, A2) — T := Spa(K (X, .., XE1) O (XT, ..., X))
which can be written as a composition of rational subsets and finite étale maps. We set Xz :=
Spa(Ag(T1, ..., Ta), Ay (Th, ..., T4)), Us n := Spa(As, A7) Xk Spa(R,, R;) for s € S,n > 0. Let Dy C
X be the closed subset defined by 77 ---Ty = 0 and Ug := X; — Ds;. We endow X; with the log
structure given by the divisor Dy: this is the same as the pullback of the log structure on X along
X, — X.

Let X* — X (resp. Ut — Uy, resp. U® — U) be the Cech nerve associated to the covering
{Xs}ses (resp. {Usn}ses, resp. {Us}tses). Then for each n > 0 the Cech-to-cohomology spectral
sequence gives N ‘ o

By = HY (U, 07 [p™) = Hy (Un, OF /p™).
According to our previous discussion, for each i, > 0, the pro-system {Hgt(UfL, OF /p™) bnen is
almost isomorphic to the constant pro-system with value Hﬁét(X ¢ OF/p™). Since we have (again
by the Cech-to-cohomology spectral sequence)

YO , w
Eij T Hquét(Xla O+/pm) = Hf(ét] (Xa O+/pm)7

by Lemma 2.5 we have that for each i > 0, the pro-system {H}, (U, O" /p™)}nen is almost isomor-

phic to the constant pro-system with value Hy, (X, O* /p™). This completes the proof of Theorems

1.1 and 1.2 in the case where X := Spa(A, A°) x iz B? for some smooth Tate algebra A over K, and
D is the closed subset defined by 17 --- Ty = 0.



COHOMOLOGY OF INTEGRAL STRUCTURE SHEAVES FOR OPEN VARIETIES 11

2.4. The general case. Now let X be an fs log adic space that is log smooth over Spa(K, K™),
and let U := X, be the maximal open of X such that the log structure on U induced by X is trivial.
As in our proof in the previous subsection (using the Cech-to-cohomology spectral sequence), we
can prove Theorem 1.2 étale locally (with induced log structure). By resolution of toric singularities
[Sha26, Theorem 1.2] and log étale descent [Sha26, Theorem 1.1], we may assume that X is smooth
and that D := X — U is a strict normal crossing divisor’. Let {U,},en be an increasing sequence
of quasi-compact adic spaces over K such that U = |J,, U,.

Recall the following theorem of Kiehl [Kie67, Theorem 1.18] (see also [Mit09, Theorem 2.11]),
which shows the existence of tubular neighborhoods.

Theorem 2.6. If D C X is a strict normal crossing divisor in a smooth rigid space, then for
any (adic) point x in X contained in exactly r irreducible components Di,..., D, of D (we allow
r = 0), we can find a small open affinoid V. C X containing = together with a smooth affinoid
Spa(A4, A°) and an isomorphism V ~ Spa(A, A°) x g B" = Spa(A(T1,...,T,), A°(Th, ..., T))), under
which the individual components D; NV containing x identify with the zero loci of the coordinate
functions T; € O(B").

Therefore, we can take a hypercover X® — X such that for each i > 0, X’ = e s, Vil is the
disjoint union of tubular neighborhoods V%' of the form described in Theorem 2.6, where S; is
an index set. Following the previous subsection, for each n > 0 one can define an open subset
UL ¢ Vil in the same way as in (2.2). Let D! be the union of the zero loci of the coordinate
functions. Then V¥ — D% is the increasing union of {Uf;;l}neN. For i > 0,1 € S;, V¥ has a natural
log structure induced by X, which can also be described as the log structure given by the strict
normal crossing divisor D%, We also endow X’ with the natural log structure.

The hypercover X* — X induces a hypercover Uy — U, for each n > 0. For each ¢, we have
Ul = e Si(Vi’l N Up,). The hypercover-to-cohomology spectral sequence gives

B4 = Hy (U3, OF /o) = @ HL (VY N UL, OF fp™) = HH (U, O Jp™).
lesS;
For each j > 0,7 > 0 and [ € S;, Lemma 2.1 shows that the pro-system {Hgt(Vi’lﬁUn, OF/p™) bnen
is isomorphic to the pro-system { H, gt(Uf;l, O™ /p™) }nen, which is almost isomorphic to the constant
pro-system with value Hﬁét(Vi’l, O™ /p™) by our discussion in the previous subsection. Therefore,
the pro-system {H. gt(Ufl, O /p™) }nen is almost isomorphic to the constant pro-system with value

HJ

1 (X', 0% /p™). Once again, since we have

By = Hl, (X',0% /p™) = HZ (X,0" /p™),

by Lemma 2.5 we have that for each i > 0, the pro-system {H} (U, O" /p™)}nen is almost isomor-
phic to the constant pro-system with value Hy, (X, O /p™). This completes the proof of Theorems
1.1 and 1.2.

3By our discussion, one can in fact assume that there exists a strictly étale map X — B¢ which can be written as
a composition of rational subsets and finite étale maps. However, it seems that this additional assumption does not
make the proof any easier.
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3. COHOMOLOGY OF INTEGRAL STRUCTURE SHEAVES FOR PARTIALLY PROPER VARIETIES

In this section, we study the almost vanishing of R'lim for smooth partially proper varieties.
We first establish an almost vanishing criterion for inverse systems with almost finitely generated
images, and then apply it to the cohomology of integral structure sheaves. We also discuss the role
of spherical completeness in obtaining strict vanishing for open balls.

3.1. Inverse systems of almost finitely generated modules. We recall a few standard facts
on linearly compact modules which will be used to control derived inverse limits. We then generalize
them to the almost setting.

Definition 3.1. We say that K is spherically complete if every decreasing family of closed balls in
K has non-empty intersection.

The following notion is the module-theoretic analogue of compactness adapted to linear topolo-
gies.

Definition 3.2. Let R be a topological ring. A topological R-module M is said to be linearly
topologized if the open submodules of M form a basis of neighborhoods of 0. A Hausdorff linearly
topologized R-module M is said to be linearly compact if every family of closed cosets {x; + N, }icr,
where N; C M are closed submodules, has non-empty intersection whenever every finite subfamily
has non-empty intersection.

Remark 3.3. For a non-archimedean field K, spherical completeness of K is equivalent to linear
compactness of Ok with respect to its valuation topology. Thus, if K is spherically complete, then
Ok is linearly compact as an Ox-module.

We shall use this criterion only through the following immediate consequence.

Lemma 3.4. Assume that K is spherically complete. Then every finitely generated Ok -module is
linearly compact.

Proof. Since Of is linearly compact, the same is true for Of for every r > 0. If M is a finitely
generated Og-module, then M is a quotient of some O%. Since linear compactness is preserved
under quotients, M is linearly compact. ]

The main point of introducing linearly compact modules is the following vanishing property for
towers. It is the analogue of the Mittag-Leffler vanishing for compact objects.

Theorem 3.5. [Jen72, Theorem 7.1 Let { My, },en be an inverse system of linearly compact modules
with continuous transition maps. Then

R'lim,, M,, = 0.
Combining the preceding statements gives the form which will be used below.

Corollary 3.6. Let K be a spherically complete field, and let {My}nen be an inverse system of
finitely generated O -modules. Then

R'lim,, M,, = 0.
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The assumption that K is spherically complete is necessary. We refer the reader to Proposition
3.12 for an explicit calculation. Surprisingly, no spherical completeness assumption on K is needed
in the almost setting.

Theorem 3.7. Let K be any perfectoid field. Let {My,}nen be an inverse system of Ox-modules.
Assume that for each n, the image of My+1 in M, is almost finitely generated. Then

R lim,, M,, ~* 0.
We will prove the theorem in the following steps.

Proposition 3.8. Let {M,}nen be an inverse system of O /p™-modules. Assume that for each
n, the image of My1 in M, is finitely generated. Then

R'lim,, M,, ~* 0.

Proof. We may assume that each M, is finitely generated. We first note that, if M is a finitely
generated O /p"-module, then any decreasing chain of submodules P} D Py D --- of M is almost
stationary, that is, for any ¢ € m, there exists some N > 0 such that for any » > N, tPy C P,.
In fact, it suffices to prove the claim for M = O /p™: one may then use induction to prove it for
(Ok /p™)™, and hence for any finitely generated M. For M = Ok /p™, the P; are ideals of M, and
we can define «; := inf{v(x)|z € P;} € [0, m] (we pick an arbitrary lift of z to Ok). Here v(—) is
the p-adic valuation. Then («;) is an increasing sequence. Let « := sup; ;. For any t € m, we can
choose N such that an + v(t) > «, which proves the claim.

Now choose a decreasing sequence €, > 0 such that > ¢, converges in the value group of K. We
construct a new inverse system {M, } inductively: for each n, let M/ be the image of My in M,
where N is chosen such that for any » > N, p* Im(My — M,,) C Im(M, — M,,). Moreover, we
choose N so that the image of M, in M, _; is contained in M), ;. This gives an exact sequence of
inverse systems

0— {M)} —{M,} = {M,/M,} — 0.

For any n > 0, the construction of M), shows that there exists some N > 0 such that the map
My /My — M, /M], is (strictly) zero. Therefore R lim,, M,,/M/, = 0. On the other hand, since we
have (by construction)

P M, € (M), — M) € M),
we know that p - coker(M, ; — M},) = 0. Then [GR03, Lemma 2.4.2.(iii)] shows that R lim,, M},
is almost zero. Therefore R! lim,, M,, is almost zero, which completes the proof. ]

Proposition 3.9. Let {M,,},en be an inverse system of Ok -modules. Assume that for each n, the
image of Myy1 in M, is finitely generated. Then

R lim,, M,, ~ 0.
Proof. We may assume that each M, is finitely generated. As finitely generated modules over O
are complete, we know that Rlim, M, is derived complete, and therefore R lim,, M,, is derived

complete. Proposition 3.8 shows that R!lim, (M, /p) ~ (R'lim, M,)/p is almost zero. We then
use the almost derived Nakayama lemma below to conclude. O

The above proof uses the following almost version of the derived Nakayama lemma.
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Lemma 3.10. Let M be an (ordinary) derived complete O -module. If M/pM is almost zero,
then M is almost zero.

Proof. Suppose the opposite. Then there exist elements x € M and tg € m such that tgz # 0.
Choose a sequence €, > 0 such that Y e, = v(tg). As mM = pM, we can construct a sequence
z, inductively such that z; = 2 and pzp41 = p™zn. Let yn := ([[;2,, p%)2zn. Then pyni1 = yn.
Therefore, as y; = tox # 0, the sequence (y,) defines a nonzero element (y,,) € lim(M & M & ...),

which contradicts the derived completeness of M. O

Proof of Theorem 3.7. We may assume that each M,, is almost finitely generated. We first record a
simple consequence of almost finite generation. Let M be an almost finitely generated Ox-module,
and let a,b € Ok satisfy v(b) > v(a). Then there exists a finitely generated submodule N € M
such that bM C N C aM. Indeed, applying almost finite generation to b/a € m, we can find a
finitely generated Ox-module F' and maps M — F' — M whose composite is multiplication by
b/a. If P C M denotes the image of F' in M, then P is finitely generated and contains (b/a)M.
Hence N := aP has the desired property.

Now choose an arbitrary ¢t € m. It suffices to prove that multiplication by ¢ kills R'lim,, M,,.
Since the value group of K is dense, we may choose elements 1 = wg, wy,ws,... € Ok such
that 0 = v(wp) < v(w1) < v(wz) < --- < v(t). Applying the preceding observation to M,,, with
a = wn_1 and b = w,,, we obtain finitely generated submodules V,, C M, such that

w,M, C N, C w,_1M,.

These submodules form an inverse subsystem. Indeed, writing f,, : M,+1 — M, for the transition
maps, we have
fn(Npt1) C fa(wnMpt1) C My, C Ny,
Thus (NN,,) is an inverse system of finitely generated Og-modules.
By Proposition 3.9, R!lim,, NV,, ~® 0. Using the standard description

Rr! liTan M,, = coker (H M, N HM”> , D((zy)) = (zn — fru(zn+1)),

let a class in R!lim, M, be represented by (yn)n € [[,, Mn. Since v(t) > v(wy), we have tM,, C
wnM, C N, for every n. Hence (tyn)n € [],, Nn. The almost vanishing of R!lim, N, gives
elements x,, € N, such that z, — fu(xn41) = ty, for all n. Therefore, the class represented by
(tyn)n is zero in R'lim,, M,,, as required. ]

3.2. General partially proper varieties. In this subsection, we study the behavior of étale
cohomology of integral structure sheaves for partially proper varieties. Although the conclusion of
Theorem 1.1 does not hold in this generality, we prove the following interesting result.

Theorem 3.11. Let X be a smooth partially proper space, and let {Up}nen be an increasing
sequence of quasi-compact adic spaces over K such that X = |, U,. Then for any i > 0 and
m>1,

R'lim H, (U, OF /p™)

is almost zero.
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Proof. We may assume that Uy, is strictly open in U4 for each n > 0. Then [Sch18, Corollary
3.6] shows that the image of HY, (Up41, 0" /p™) in HY, (U, OT /p™) is an almost finitely generated
Ox-module for each n > 0. Then we can apply Theorem 3.7 to conclude. [l

We record the following result, which shows that one cannot expect R!lim to be strictly equal
to zero, even for open balls.

Proposition 3.12. Fizd > 1. Forr > 0, let B(r) denote the open ball of dimension d and radius
r over K. Then the following claims are equivalent:
(1) K is spherically complete.
(2) For every r > 0 and every increasing sequence {Uy, }nen of affinoid open subspaces such that
B(r) =U,, Un, we have
R! 1i£n(0+(Un) /") =0

for every m > 1.
(3) For every r > 0 and every increasing sequence {Uy }nen of affinoid open subspaces such that
B(r) =U,, Un, we have
R! lim ot (U,) =0.

Proof. (1) = (2): Fix r > 0 and choose elements w,, € K such that |w,| strictly increases to r.
Let Uy, := Spa(K (ww,, ' Ty, ..., @, ' Ty), Ok (w1 Ty, ..., @, ' T,)) be the closed ball of radius |w,|. By
Lemma 2.1, it suffices to show that

R'im Ok [w,, ' T, ..., wy, Tl /"™ = 0.

One can check that the image of O (Uy,41)/p™ in OF(U,)/p™ is a finite Ox-module, and then one
can apply Corollary 3.6.

(2) = (3) follows from the derived Nakayama lemma, as R!lim, OF(U,) is derived p-adically
complete, and

(R'lim O (Un))/p = R lim(O* (Uy,) /p) = 0.

(3) = (1): We adapt the nested-ball argument in [Laz62, Proposition 6]. Suppose, for a con-
tradiction, that K is not spherically complete. We can then choose a strictly decreasing sequence
rn € |[K*| and centers z,, € K such that the closed balls D(z,,r,) satisfy the following conditions
for every n > 1:

(a) D(J:‘n, Tn) 2 D(xn—&-la rn—i—l)?
(b) Ln ¢ D(wn+1>rn+1)§
(¢) N, D(@n,m) = 2.
Since K is complete, r := lim,, 7, > 0. Conditions (a) and (b) give

Tp+1 < ‘xn - xn—‘rl‘ < .

Choose w,, € K with |w,| = r,!, and let U, be the closed ball of radius |w,| centered at the
origin. Then {U,},>1 is an increasing exhaustion of B(r~!). Define f, := (v, — 2n+1)T1. The
above inequalities show that f,, € OT(U,,) but f, ¢ O (U,4+1). By (3), there exists a sequence

gn € OT(Uy,) satisfying g, — gn+1 = fn- Let hy, be the coefficient of T} in g,. Since
g1=fi+-+ fot g = (@1 — Tug1)T1 + Gny1s
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and |hp11| < g1, we have
‘hl - (xl - xn—i—l)‘ < Tptl
Thus x1 — hy € D(xp+1,7n+1) for every n > 1, contradicting (c). This completes the proof. O

4. APPLICATIONS AND DISCUSSIONS

In this section, we discuss applications of our main results. We first prove a strengthened form
of Riemann’s extension theorem and compare it with its perfectoid analogue. We then study
small pro-étale G-torsors on open varieties and discuss their relation to the local p-adic Simpson
correspondence.

4.1. The first Riemann extension theorem. In this part, we take a close look at Theorems 1.1
and 1.2, and prove the following Hebbarkeitssatz.

Theorem 4.1 (Riemann I). Let X be a normal affinoid adic space locally of finite type over
Spa(K,K™") and D C X a Zariski-closed subset of X with positive codimension everywhere such
that U := X — D is smooth. Then for any increasing sequence {Uy }nen of affinoid adic spaces over
K such that U = J,, Uy, we have

ot(U)=0%X), R lim O (U,)

1

“0.

Remark 4.2. The assumptions that X is affinoid, U is smooth and U, is affinoid for n € N are
not necessary for the first statement, but are necessary for proving the vanishing of R!lim.

Proof. The first statement is analytically local. Therefore, by the second Riemann extension the-
orem [Bar76, Theorem 10], and because X is normal, we may assume that X and D are smooth.
The second statement on the vanishing of R'lim is independent of D. Therefore, by the theorem
of embedded desingularization [Tem18, Theorem 1.1.13], we may assume that X is smooth and D
is a strict normal crossing divisor. Thus, for both statements, we can assume that X is smooth
and D is a strict normal crossing divisor. We endow X with the log structure associated to D.
We have
Rlim Rlim H}, (U, O /p™) = Rlim Ot (U,) = R1imO*(Uy),

where the first quasi-isomorphism follows from Proposition 4.4 below, and the second quasi-
isomorphism follows from [Sch13a, Corollary 6.19] and [Sch13a, Lemma 4.2]. On the other hand,
by Theorem 1.2 and Proposition 4.5 below”,

Rlim Rlim HY,(U,, Ot /p™) ~* Rlim H), (X, 0% /p™) ~ Ot (X) = O (X).
Therefore, we have

Ot (U) =1limO*(U,) ~* 0T (X), R'lim O™ (U,) ~*0.

4X is not affinoid in general, but by the theorem of embedded desingularization, X is obtained by a sequence
of smooth blow-ups of a normal affinoid variety X'. If we set f : X — X', then f.Ox = Ox,. This moreover
implies that f. Oj} = (’);,. On the other hand, the relative version of the primitive comparison theorem shows that
f(OF /p™) ~° O;,/pm. We can therefore apply Proposition 4.4 to X.
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On the other hand, the fact that O*(X) is almost isomorphic to O (U) means that for any
feOt(U) and € > 0, p°f € OT(X). This shows that f € OT(X). Therefore we have an (honest)
isomorphism between OF(X) and OF(U). This finishes the proof of the Hebbarkeitssatz. O

Remark 4.3. The same proof also shows that if we moreover assume that D is a strict normal
crossing divisor of X, then for ¢ > 1, we have

(U, OF) ~2 0.

proét

R'lim H!
n
Proposition 4.4. Let X be a smooth affinoid or smooth proper adic space over Spa(K, KT). Then
R! lim H,{ (X, 0% /p™) =0
for any i > 0. In particular, for i > 0 we have

Hpyoir (X, 0F) = lim Hiy (X, 0" /p™).

Proof. We first consider the case where X is smooth affinoid. The exact sequence on Xpo¢;
00t 250t 50t /p™ =0

gives

0 Hpeo(X,0F) /™ — Hiy(X, 07 [p™) — Hif L (X,07)[p™] -0,

which gives
. y . . 1 ~
R lim H}, (X, 0% /p™) = R lim(H}EL (X, 0F)[p™).
To prove the proposition, it suffices to show that for any ¢« > 0, the cohomology group Hf)mét
has bounded p-torsion when X is smooth affinoid.

Let X = Spa(R, RT). Take a finite cover X° = Spa(Ry, R) — X by rational subdomains such
that X0 is a finite disjoint union of toric charts (i.e., X° = | |Us, where each Uy admits an étale
map U, — T¢ := Spa(K(Tlil, cey T;El), K*(Tlﬂ, veny Téﬂ)) which can be written as a composition of
rational embeddings and finite étale maps). The open cover X? — X gives a Cech nerve X* — X.
The Cech-to-cohomology spectral sequence gives

EW =g (X',0")= H'T (X,07).

proét proét

(X,0%)

We claim that E;J has bounded torsion for each pair 4,7 > 0, and that Eéy is a torsion group
for i > 0. For j = 0, this follows from (the proof of) [Sch12, Proposition 6.10.(iii)]. In general,
write X* = Spa(R;, R;") for i > 1. For each pair i, > 0, according to [Heu26b, Lemma 2.14.(iii)]
(which is basically a combination of [Sch13a, Lemma 4.5] and [Sch13a, Lemma 5.5]), the kernel and
cokernel of

J
fig: NBH = By
are killed by some p¢ (c only depends on 7). Fix j, and let C*7 be the cone of fe,j- Then the
cohomology of C'*7 in each degree is killed by some power of p. Applying the argument of [Sch12,
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Proposition 6.10.(iii)] again, we see that H'(A?(R{)%) also has bounded torsion for i > 0, and is a
torsion group for ¢ > 0. Then the long exact sequence
J
— H7Y(C*) - H(\(RDHT) = By — H(C™) -
shows that E;j has bounded torsion for ¢ > 0, and is a torsion group for ¢ > 0. This completes the
proof of our claim.

This implies that on each page a > 2, Eé] has bounded torsion for each 7,7 > 0, and is a torsion
group for ¢ > 0. Therefore the cohomology group H’! . (X,OT) has bounded p-torsion for each

proet
1 >0, as Hf)roet(X ,OT) is obtained from the groups EiF for k > 0 and some a € N by successively

taking extensions. This completes the proof when X is affinoid.
When X is smooth proper, by repeatedly using the exact sequences
0— (/Q\J“/pm — (”A)+/pm+1 — @+/p -0
and the primitive comparison theorem [Sch13a, Theorem 5.1], one sees that Héroet(X , O /p™) is an
almost finitely generated Ox-module for each m > 1 by [Sch13a, Proposition 2.6]. Then Theorem
3.7 shows that
R! hm H!

proét

(X,0%/p™) =" 0.
This completes the proof. O
The same proof goes through in the logarithmic setting.
Proposition 4.5. Let X be an fs log adic space that is log smooth and either affinoid or proper
over Spa(K, KT). Then '
R'lim Hi (X, 0T /p™) =
m
for any ¢ > 0. In particular, for i > 0 we have

proket(X O+) = 111’11 ert( 70+/pm)‘

An interesting corollary of the proof of Proposition 4.4 is the uniform boundedness of torsion in
the étale cohomology of the integral structure sheaf.

Corollary 4.6. Let X be a smooth affinoid adic space over Spa(K, K1) of dimension d. Then
there is some ¢ > 0 such that p¢ - H:(X,0") = 0. Moreover, for 2 <i < d, the group H% (X,OV)
s always unbounded torsion.

Proof. Tate’s acyclicity theorem shows that for ¢ > 0 we have HZ (X,07)[1/p] = H,(X,0) =0
so Hi (X,0%) is torsion. On the other hand, [Sch13b, Proposition 3.23] implies 1, 0T = OF,
where v is the natural morphism of sites X 06t — X¢;. Then the Leray spectral sequence gives an
injection H} (X,0") — H!

proét

(X, (5*), which completes the proof. For the second statement, use’
Riv, Ot = QZ (—1i) for i > 1, and the Leray spectral sequence

EY = HJ (X, Rv.0") = H'I (X,07)

proét

SUse Ox /OF ~ (/Q\X/(/Q\;} and [Sch13a, Corollary 3.17].
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to conclude. O

4.2. Hebbarkeitssatz for perfectoid algebras. We compare our results with the “quantitative
form of Scholze’s Riemann extension theorem” proved in [Bhal8, Theorem 4.2]. In the situation
below, the calculation of Subsection 2.2 gives a stronger extension statement in degree zero after
taking the inverse limit, although higher cohomology need not almost vanish.

Suppose that X = Spa(R, RT) is an affinoid fs log adic space of finite type over Spa(K,K™)
with a strictly étale morphism X — B := Spa(K(T1, ..., Ty), KT (T}, ..., Ty)), which can be written
as a composite of rational embeddings and finite étale maps. In this subsection, we use the pure
p-power tower of Subsection 2.2. Pulling it back to X gives

X := Spa(Rs, RE) — X,

a Galois pro-finite Kummer étale cover with group I' := Zg, whose underlying space is affinoid
perfectoid.

Denote by D C X the closed subset defined by g := T} ---T; = 0, and denote by D the pullback
of D along X 5 X.LetU:=X—Dand U := X — D. The map U — U is a Galois pro-finite étale
cover with Galois group I'. We note that U is a quasi-Stein space: if we set V;, := Spa(Sy, S;/),

where
Sn =R <p> ,
g

then U is the increasing union of the V;,. We also denote by V,, = Spa(Sy, o, S,J{’ ~) the pullback

of V,, along U — U. The “quantitative form of Scholze’s Riemann extension theorem” is stated as
follows.

Theorem 4.7. [Bhal8, Theorem 4.2] For m > 1, the map from the constant pro-system with value
RI/p™ to the pro-system {8/t oo/P™ Inen is almost injective with respect to p/P™ | and is almost
surjective with respect to (pg)Y/P~. In particular, the map R /p™ — Hgmét(fj, Og/pm) s an

almost isomorphism with respect to (pg)'/P™.

One might try to prove Theorem 1.2 from Theorem 4.7 using the Cartan—Leray spectral sequence.
In the present setting, this requires an almost isomorphism of pro-systems

{Hcits(rv S’r—i—,oo/pm)}'ﬂGN = C(Hcits(rﬂ R:o/pm))’

with respect to p*/?™. Theorem 4.7 already compares the coefficient pro-systems, but its almost
surjectivity is only with respect to (pg)l/ P* . Taking group cohomology does not automatically
strengthen this almost condition. For example, consider the module K*/p over the standard
coordinate algebra, with all Til/ P acting by zero and with the trivial I'-action. It is almost zero
with respect to (pg)l/ P* but its [-invariants are K+ /p itself, which is not almost zero with respect
to pl/ P>,

In our situation, however, the weight decomposition of Subsection 2.2 gives this stronger com-
parison after taking the ordinary inverse limit, as follows.
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Proposition 4.8. For every m > 1, the natural map

R;ro/pm — proet(U O+/p )

is an almost isomorphism with respect to p'/P™

Proof. We only give a sketch, as the proof is similar to the proof in Section 2 with a different
settings. We start from a tubular neighborhood compatible with the given coordinates. Choose a
topologically nilpotent w € K with compatible p-power roots. After shrinking the neighborhood
and rescaling the coordinates, we may moreover assume that its pullback to the tower is Spa(B, B°),
where

B=C(z/"", . 2P
for a perfectoid K-algebra C.

Let W be the complement of z - -- 2z, = 0 in Spa(B, B°), and set W,, := {|z1 -+ - 2,| > |w|"}, so
that W = J,, Wy,. We use the decomposition of Subsection 2.2, with C°/p™ in place of O /p™.
On the summand indexed by w, the transition map from N to n is multiplication by co®¥—m) max(w),
For each fixed w, this map is zero modulo p™ for sufficiently large N. Thus these summands have
zero inverse limit, and only B°/p™ remains. Since each W), is affinoid perfectoid, we obtain

B [p™ o~ lim OF(Wy,) /p™ = Hy o (W, OF /p™).

This prove the proposition for a tubular neighborhood, and the general case follows by descent® as
in Subsection 2.4. g

Here the required transition step may depend on the weight. This suffices for the ordinary inverse
limit, but does not show that the additional weight pro-system is almost zero. In particular,
Proposition 4.8 does not give a comparison of derived inverse limits: the R'lim term need not
almost vanish, as Proposition 4.10 shows. Thus computing the cohomology of U by Cartan—Leray
would not by itself prove the pro-system statements of Theorems 1.1 and 1.2. On the other hand,
we still have

lim, (S;f . /p™) iti=0
proet(U O+/p ) ~¢ Rl hmn(srtoo/pm) ife=1
0 if 1 > 2.
Proposition 4.10 below shows that the degree-one term need not be almost zero with respect to
pY/P™ . To apply the Cartan—Leray spectral sequence without choosing a topology on this higher
cohomology group, we use the condensed formulation of [Bos23, Proposition 4.12]:

Eé’j = cond(F HJ (U’%/pm)) = HH_] (U’ %/pm)

proét proét
This gives an almost exact sequence
,0 + 1,1 i+1,0 i1 +
N Hf)roet(U, Oy /p™) — By bt B0 H e (U, O [p™) —

According to [Bos23, Remark 2.12 and Proposition B.2], we have
0
H}Z)roet( ’%/pm)( ) ngoet( ?OJUr/pm)> E% ( ) Héts(r ngoet( 7Og/pm))

6We don’t have pro-isomorphism, but it is not a problem as we only work with global sections.
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for all i« > 0, where M (%) denotes the underlying abelian group of a condensed abelian group M,
and the degree-zero sections carry the inverse-limit topology. Proposition 4.8 easily extends to the
condensed setting, giving the following corollary.

Corollary 4.9. For every i > 0 and m > 1, the natural map

Heyo (U, RL /p™) — Higo(T, Hpoer(U, O /p™))

is an almost isomorphism with respect to p*/P™ . Here the source coefficient module is discrete, and
the target coefficient module has the inverse-limit topology. In particular, we have for every i > 0
and m > 1,

i1
Ey" ~%0.

Thus the degree-zero sections satisfy the stronger extension statement of Proposition 4.8, but
the higher cohomology still gives an obstruction to extending Theorem 1.1 to perfectoid spaces.
We finish with the promised example.

Proposition 4.10. Consider the map
X = Spa(K(T"P™), O (T/7)) — X := Spa(K(T), Ok (T)).

Forn >0, let U, := Spa(K(T,p"/T), O (T, p"/T)) and U, be the pullback of U, along X — X.
Then (in the almost sense)

R lim HY, (T, O* /p) # 0.

Proof. As (,7” is an affinoid perfectoid space over K for n > 0, we have
HY(Uy, OF Jp) =" O /p[TV7™, (" /T) /77,

Set fn(T) := (p™/T)Y/?" ¢ Hgt(ﬁn, O™ /p). Tt suffices to prove that there does not exist a sequence
of functions g, € Hgt(ﬁn, O% /p) satisfying g, — gn+1 = fan-

Suppose the opposite. We write go = ), a,T", where w € Z[1/p], a,, € Ok /p, and only finitely
many a,, are nonzero. Then there exists N € N such that a_;/,» = 0 for any n > N. However, as

N N
9o =D fotgne =Y 0"/T)" + gy,
n=0 n=0

and (pN/T)VP" ¢ Hgt(ﬁNH, O*/p), we have a_y v # 0, which leads to a contradiction. This
completes the proof. O

Remark 4.11. On the other hand, Theorem 4.7 implies that R' lim,, H, gt(ffn, O™ /p) is almost zero
with respect to (pT')*/P~.
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4.3. Applications to pro-étale G-torsors. In this subsection, we apply Theorems 1.1 and 1.2
to study pro-étale (or equivalently, v) G-torsors over open rigid spaces. We will also discuss their
relation to local correspondences.

We refer the reader to [Heu26a, Section 3] for the notation concerning rigid groups and their
associated Lie algebras. In particular, rigid analytic groups are also regarded as sheaves on the
relevant v-sites. More explicitly, whenever no confusion can arise, we freely identify a rigid group
G over K with its associated pro-étale sheaf or pro-Kummer étale sheaf over K, depending on
the context. Let X be a smooth adic space (resp. an fs log adic space that is log smooth) over
Spa(K,K™). Let T € {proét, prokét}.

Assume in this subsection that G has good reduction. Thus we fix a smooth formal model G of
G over Spf(K™). Let g* be the Lie algebra of G. It is a finite projective, hence free, K -module,
and we regard it as a canonical open K *-lattice g7 C g := g @i+ K. We recall some notation
and properties that will be used in this subsection.

Lemma 4.12. [Heu26a, Lemma 4.13] The sheaf G on X, is the analytic sheafification of the functor
(R,RT) — G(R™).
This gives an integral approximation of G by reduction modulo the ideals p*m.

Definition 4.13. [Heu26a, Definition 4.14] For 0 < k € v(K*), let Gy, be the sheaf on X, obtained
by étale sheafification of the presheaf

Y +— G(OT(Y)/pFm O (Y)).
We denote by Gj, C G the kernel of the natural morphism G — G},. Equivalently, one has an exact

sequence of sheaves
1 — G, —G—Gp— 1.

After passing to sheaves on X, we also write G := G/Gy.

The subgroups Gy, form a system of small integral neighbourhoods of the identity. On the Lie
algebra side we use the following parallel notation.

Definition 4.14. [Heu26a, Definition 4.20] For 0 < k € v(K*), define g; := p*mg" C g. This is
represented by an open rigid subgroup of the additive rigid group g. We also set ﬁ,j =gt/ gg as
a sheaf on X,. If d = dim G, then, since g is free over KT, there is a non-canonical isomorphism
of Ot-modules g, ~ (0" /p*m O*)d.

For sufficiently small neighbourhoods of the origin, the exponential identifies the Lie-theoretic
and group-theoretic filtrations.

Lemma 4.15. [Heu26a, Lemma 4.21] There is a constant o« > 1/(p — 1) such that for every
k€ v(K*) with k > «, the exponential of G is defined on g; and induces an isomorphism of rigid
spaces

exp : g,i' = Gy

We denote its inverse by log whenever k > «.
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We write Torsg, for the category of G-torsors and H L(—, G}) for its pointed set of isomorphism
classes. Theorems 1.1 and 1.2, together with Propositions 4.4 and 4.5 and the successive additive
quotients of the small subgroups [Heu26a, Lemma 4.24], give the following result.

Theorem 4.16. We fix k > « as above. Let X be an fs log adic space that is log smooth over
Spa(K,K™T). Denote by U := Xy, the mazimal open subset of X on which the induced log structure
is trivial. Then restriction induces an equivalence of categories

TOI“SGk (Xprokét) 1) TOTSGk (Uproét).

In particular, any Gy-torsor on Uposr extends uniquely to a Gr-torsor on Xprokest-
Moreover, if X is affinoid or proper and {Uy, }nen is an increasing sequence of affinoid open adic
subspaces over K such that U = |J,, Uy, then restriction induces a bijection of pointed sets
H! (U,Gy) = limH:  (Un, Gr).
n

proét proét

Thus the isomorphism class of a G-torsor on Upeg 5 determined by, and can be recovered from,
a compatible system of isomorphism classes on the U, progs -

Remark 4.17. The corresponding statements need not hold when Gy, is replaced by an arbitrary
rigid analytic group. The first comparison already fails for G = G,. An analogous inverse-limit
comparison in degree one also fails for general open rigid spaces: the nontrivial line bundles on
open discs constructed in [Laz62, Proposition 6] give counterexamples for G = G,,, since their
restrictions to closed subdiscs are trivial.

The above discussion also shows the difficulty in extending the p-adic Simpson correspondence
to open varieties. As in the proper case [Heu25, Theorem 1.1], we would like to construct a cor-
respondence between pro-étale vector bundles and Higgs bundles. However, the preceding remark
shows that even line bundles on open discs behave differently as the base field varies.

For another example, let X be the analytification of a smooth algebraic variety, and choose a
smooth proper compactification Y with a strict normal crossing boundary D :=Y — X. We endow
Y with the log structure associated to D, so that Y is log smooth. In this case, there are two
versions of the p-adic Simpson correspondence to consider: the usual correspondence on X, and a
correspondence between pro-Kummer étale vector bundles and log Higgs bundles on Y.

One key ingredient in [Heu25] is the small local correspondence constructed in [Heu26b, Theorem
6.5]. Roughly speaking, a small vector bundle is one that comes from a torsor under a sufficiently
small subgroup of GL,, and there is a corresponding notion of a small Higgs bundle. Locally on a
toric chart, the two categories are equivalent. The same proof works in the logarithmic setting and
gives an equivalence between small pro-Kummer étale vector bundles and small log Higgs bundles.
One should therefore be able to construct an equivalence between pro-Kummer étale vector bundles
and log Higgs bundles on Y from these local correspondences, as in the proper case.

On the other hand, Theorem 4.16 shows that, for each fixed & > «, the category of Gg-torsors
on X4 is equivalent to the category of Gj-torsors on Yjoké- Thus these small torsors on the
open variety already extend to the logarithmic compactification. Therefore, for varieties which are
not quasi-compact, we lose too much information when we restrict to the small case to study the
correspondence on the open variety.
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