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Abstract. In this article, we study log blow-ups in the setting of log adic spaces. As in the theory
of log schemes, we prove the existence of global resolutions of toric singularities for fs log adic
spaces log smooth over a p-adic field, and the acyclicity of certain sheaves under log blow-ups. One
new feature of (log) rigid analytic varieties is their integral structure sheaf: we prove that it is also
almost acyclic under log blow-ups in the Kummer étale topology. We also supply some foundational
results on log adic spaces which are not covered in [DLLZ23b].
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1. Introduction

Let K be a complete extension of Qp. Let K be an algebraic closure of K, and let C be its p-adic
completion.

Logarithmic geometry, based on the notion of log structures due to Fontaine, Illusie and Kato
[Kat89], was developed to treat certain singular schemes, such as semistable degenerations and
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varieties with normal crossing boundaries, as if they were smooth. Since then, it has been well
studied in the algebraic setting. On the cohomological side, the log crystalline cohomology of
Hyodo and Kato [HK94] (see also [Tsu99b]) plays an important role in p-adic Hodge theory, for
example in the proof of the semistable comparison theorem [Tsu99a]. The Kummer étale topology,
introduced by Kato and further studied by Fujiwara, Kato and Nakayama [Nak97], provides a
good theory of étale cohomology for log schemes. On the geometric side, Kato [Kat94] studied log
regular schemes, whose singularities are called toric singularities, together with their log blow-ups,
and Nizio l [Niz06] proved that toric singularities can be resolved globally by log blow-ups.

These two sides are closely related: many cohomology theories, such as the Kummer étale co-
homology of locally constant sheaves and coherent cohomology, are invariant under log blow-ups.
Together with the resolution of toric singularities, this often allows one to reduce problems on log
regular schemes to the case where the log structure comes from a strictly normal crossing divisor.
We refer the reader to [Ill02] for an overview of logarithmic étale cohomology, which also includes
results from unpublished papers, and to [Ogu18] for a systematic treatment of logarithmic geometry.

In the rigid analytic setting, the foundations of log adic spaces were developed by Hansheng
Diao, Kai-Wen Lan, Ruochuan Liu and Xinwen Zhu in [DLLZ23b]. They used these foundations
to prove many results: for example, they constructed a candidate Riemann–Hilbert functor for
algebraic varieties in [DLLZ23a], where the étale topology on the analytic side (not just on the
algebraic side) is necessary. In [LLZ23], Lan, Liu and Zhu studied étale cohomology with compact
support and proved Poincaré duality for smooth and almost proper rigid analytic varieties (i.e.,
varieties of the form X \ Z, where X is proper and Z is Zariski closed in X).

Following the theory of logarithmic geometry developed in the algebraic setting, we extend the
foundations of [DLLZ23b] in the rigid analytic setting. This article has two main goals. Firstly,
we define log blow-ups of log adic spaces, study their basic properties, and prove the acyclicity
of certain sheaves under log blow-ups. This includes the classical cases, such as locally constant
sheaves and the structure sheaf. We also study the integral structure sheaf of log adic spaces, which
is a new feature of the rigid analytic setting: we prove that O+/p and O+ are almost acyclic under
log blow-ups in the Kummer étale topology1. The theorem is stated as follows.

Theorem 1.1. (Theorem 5.4 and 5.7) Let X be an analytic fs log rigid variety over C, and let
f : Y → X be a log blow-up along a coherent ideal J ⊂MX whose geometric stalks are nonempty.
Then the adjunction maps

O+
X/p→ Rf∗(O+

Y /p), O+
X → Rf∗(O+

Y )

are almost quasi-isomorphisms over the Kummer étale site.

Secondly, we prove that the toric singularities of a quasi-compact fs log adic space log smooth
over K can be resolved globally by a sequence of log blow-ups. This is an analogue of the main
result of Nizio l [Niz06] in the rigid analytic setting. The theorem is stated as follows.

Theorem 1.2. (Theorem 6.9) Let X be a quasi-compact fs log rigid variety log smooth over K,
and let X◦ be the maximal open subspace of X on which the log structure is trivial. Then there
exists a morphism π : X ′ → X which is a composition of log blow-ups, such that X ′ is smooth over

1However, this is not true in the étale topology; see Remark 5.5.
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K, π is an isomorphism over X◦, and the log structure on X ′ is the compactifying log structure
associated with the strictly normal crossing divisor D′ := (X ′ \X◦)red.

One motivation for this article comes from the author’s upcoming work [Sha26] on logarithmic
syntomic cohomology via period sheaves: in that paper, we compute the cohomology of certain
period sheaves on the pro-Kummer étale site of an fs log adic space log smooth over C, and
compare it with Hyodo–Kato cohomology. One technical step in [Sha26] is to reduce to the case
where the log structure comes from a strictly normal crossing divisor. The acyclicity results in this
article imply the following corollary.

Corollary 1.3. Assume that K is perfectoid. Let X be an fs log adic space log smooth over K, let

F ∈ {O+/pm, Ô+,O♭+,Ainf ,BdR,B+
dR,B, · · · } be a period sheaf on Xprokét, and let Y → X be a log

blow-up along a coherent ideal J ⊂MX whose geometric stalks are nonempty. Then for i ≥ 0, the
natural map

H i
prokét(X,F)→ H i

prokét(Y,F)

is an (almost) isomorphism.

Therefore, by the resolution of toric singularities, whenever we want to compute the cohomology
of period sheaves on the pro-Kummer étale site of a log smooth fs log rigid analytic variety, we may
assume that the log structure comes from a strictly normal crossing divisor2.

The proofs for locally constant sheaves and coherent sheaves are similar to those for log schemes
in [Ill02, Theorem 6.2] and [Kat94, Theorem 11.3], respectively; the former also uses a proper
base change theorem, which we prove in this article. For O+/p, we prove a relative version of the
primitive comparison theorem (Theorem 5.6), and the claim then follows from the result for local
systems. The case of O+ is then deduced from the cases of O+/p and O.

On the other hand, our proof of global resolutions is different from that in [Niz06]. To resolve
the singularities of a log regular scheme, the approach in [Niz06] first reduces the problem to log
schemes with Zariski log structures, to which one can associate Kato fans, and then resolves the
Kato fans. This approach has serious issues in the rigid analytic setting. Roughly speaking, if the
log structure is associated with a divisor D, then the first step in [Niz06] is to resolve D so that
it has no self-intersections. This step does not directly carry over to the rigid analytic setting:
the analytic topology is too fine for the same construction of strata and their generic points. In
particular, the construction of Kato fans used in that approach is not available here.

To resolve this issue, we apply a different algorithm, recently developed by Jaros law W lodarczyk
in [W lo22]: we first resolve the singularities so that the log structure is associated with a normal
crossing divisor, and then separate the branches of this divisor to obtain a strictly normal crossing
divisor. The second step relies on the normal crossing assumption, and therefore comes after the
resolution of toric singularities. After some modifications, this approach applies to our situation
for analytic varieties. We carry it out in Section 6.

Acknowledgement. The idea of studying global resolutions in the rigid analytic setting originated
during the author’s PhD studies under the supervision of Wies lawa Nizio l. The author is grateful
to her for everything he learned about logarithmic geometry under her guidance. The author

2In fact, the local resolution (Corollary 3.19) suffices here.
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Notation and conventions. We adopt the language of adic spaces as developed in [Hub96]. For
a p-adic field L, a rigid analytic variety over L is a quasi-separated adic space locally of finite
type over Spa(L,OL). All rigid analytic varieties considered are over K or C. We assume all rigid
analytic varieties are separated, taut, and countable at infinity.

We also freely use the language of log adic spaces and toric geometry. For definitions and
properties of log adic spaces, we refer the reader to [DLLZ23b].

2. Preliminaries

2.1. Log smoothness. We recall the definition and some basic properties of log smooth mor-
phisms. The main goal of this subsection is to identify the log structure of an fs log smooth rigid
variety with the compactifying log structure determined by its trivial locus. This is a standard
result for log regular schemes; see [Kat94, Theorem 11.6] and [Ogu18, Theorem I.1.9.4]. The
corresponding compactifying log structure in the rigid analytic setting is described in [DLLZ23b,
Example 2.3.16]. We include the argument for completeness.

We first recall the definition of log smoothness from [DLLZ23b, Definition 3.1.1].

Definition 2.1. Let f : Y → X be a morphism between locally noetherian fs log adic spaces. We
say that f is log smooth if, étale locally on Y and X, it admits an fs chart u : P → Q satisfying
the following conditions:

(1) the kernel and the torsion part of the cokernel of ugp : P gp → Qgp are finite groups whose
orders are invertible in OX ; and

(2) f and u induce a morphism Y → X×X⟨P ⟩X⟨Q⟩ of log adic spaces whose underlying morphism
of adic spaces is étale.

The following local description is [DLLZ23b, Proposition 3.1.10].

Proposition 2.2. Let X be an fs log adic space log smooth over Spa(K,K+), where (K,K+) is
an affinoid field. Then, étale locally on X, there exist a sharp fs monoid P and a strictly étale
morphism X → Spa(K⟨P ⟩,K+⟨P ⟩) that is a composition of rational localizations and finite étale
morphisms.

We now prove the main result of this subsection.
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Proposition 2.3. Let (X,M) be an fs log rigid variety log smooth over Spa(K,K+), where (K,K+)
is an affinoid field. Let U be the maximal open subspace of X on which M is trivial, and let
j : U ↪→ X be the inclusion. Then the structure morphism induces a natural isomorphism

α :M ≃−→ j∗(O×
U ) ∩ OX ,

where the intersection is taken inside j∗OU .

Proof. Since (X,M) is log smooth over Spa(K,K+), étale locally there exist a sharp fs monoid P
and a strictly étale morphism X → Spa(K⟨P ⟩,K+⟨P ⟩). Since the map is strict, U is the pullback
of the trivial locus of the log structure of Spa(K⟨P ⟩,K+⟨P ⟩).

Let x→ X be a geometric point, set R := OXét,x, and let F := {p ∈ P | α(p) ∈ R×}. Then F is
a face of P , and the canonical chart identifies

Mx ≃ P/F and Mx ≃ P ⊕F R×.

Under the structure morphism, the image of the latter monoid in R consists of the elements uα(p)
with u ∈ R× and p ∈ P .

Since P is saturated, K⟨P ⟩ is normal, and hence R is a normal noetherian local domain. Put
Q := P/F . The height-one prime ideals q of Q correspond to the height-one prime ideals pq of
R lying in the toric boundary. Let vq be the normalized valuation of the discrete valuation ring
Rpq . Since the elements of F map to units in R, the restriction of vq to the monomials induces a
homomorphism

νq : Qgp −→ Z.

By the local description of Cartier divisors on toric varieties, which is unchanged by strictly étale
localization, the map

a 7−→
∑

ht(q)=1

νq(a)[pq]

identifies Qgp with the group of Cartier divisors supported on the boundary. In particular, this
map is injective because Q is sharp.

Let f ∈ R represent a germ in (j∗(O×
U ) ∩ OX)x. Since f is invertible on the trivial locus, its

principal Weil divisor is supported on the toric boundary and is effective. Thus the preceding
discussion gives an a ∈ Qgp such that

vq(f) = νq(a) ≥ 0

for every height-one prime q of Q. Since Q is saturated, we have

Q = {a ∈ Qgp | νq(a) ≥ 0 for every height-one prime q}.

Hence a ∈ Q. Choosing a representative p ∈ P of a, we obtain div(f) = div(α(p)). Thus f/α(p)
has trivial divisor. Since R is normal, f/α(p) ∈ R×. Hence f = uα(p) for some u ∈ R×, proving
surjectivity. Conversely, every uα(p) is invertible on U . Finally, the uniqueness of a ∈ P/F shows
that two such expressions define the same element of P ⊕F R× whenever they have the same image
in R, proving injectivity. □
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2.2. Log geometric points. We recall the definition and basic properties of log geometric points,
which will be used throughout this article. Just as geometric points detect isomorphisms between
étale sheaves on an adic space, log geometric points detect isomorphisms between Kummer étale
sheaves on an fs log adic space.

Definition 2.4. (1) A log geometric point is a log point ζ = (Spa(l, l+),M, α) satisfying the
following conditions:

(a) l is a complete separably closed nonarchimedean field; and
(b) if M := Γ(Spa(l, l+),M), then M = M/l× is uniquely n-divisible for all positive integers n

invertible in l.

(2) Let X be a locally noetherian fs log adic space. A log geometric point of X is a morphism of
log adic spaces η : ζ → X, where ζ is a log geometric point.

(3) Let X be a locally noetherian fs log adic space. A Kummer étale neighborhood of a log

geometric point η : ζ → X is a factorization ζ → U
ϕ−−→ X of η in which ϕ is Kummer étale.

We explain how to lift an ordinary geometric point ξ : Spa(l, l+)→ X to a log geometric point ξ̃
above it. By [DLLZ23b, Proposition 2.3.13], after replacing X by an étale neighborhood, we may
assume that X admits a chart modeled on a sharp fs monoid P . Thus, as in [DLLZ23b, Remark
2.3.3], there is a strict closed immersion X → X⟨P ⟩.

Equip Spa(l, l+) with the log structure P log associated with the pre-log structure given by the
composite P → OX(X)→ l. This makes (Spa(l, l+), P log) an fs log point with chart P → l, which
we continue to denote by ξ. For each positive integer m, let P ↪→ 1

mP be as in [DLLZ23b, Definition
4.1.5], and set

ξ(
1
m
) := (Spa(l, l+)×X⟨P ⟩ X⟨ 1mP ⟩)red,

equipped with the natural log structure modeled on 1
mP . Taking the reduced subspace ensures

that the underlying adic space of ξ(
1
m
) is isomorphic to Spa(l, l+). It follows that

ξ̃ := lim←−
m

ξ(
1
m
)

is a log geometric point above ξ, where the inverse limit runs over all positive integers m invertible
in l. Its underlying adic space is isomorphic to Spa(l, l+), and its natural log structure is modeled
on

PQ≥0
:= lim−→

m

1

m
P,

where the direct limit is taken over the same set of integers.
The following lemma is the Kummer étale analogue of the corresponding statement for geometric

points in the étale topology.

Lemma 2.5. Let ζ → X be a log geometric point of a locally noetherian fs log adic space. Then

Sh(Xkét) −→ Sets, F 7−→ Fζ := lim−→
U

F(U),

where the direct limit runs over the Kummer étale neighborhoods U of ζ, is a fiber functor. More-
over, the fiber functors associated with log geometric points form a conservative system.
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We will often use the following proposition.

Proposition 2.6. Let f : Y → X be a quasi-compact quasi-separated morphism between analytic

fs log adic spaces, and let ξ : Spa(l, l+)
i−→ X be a geometric point of X, with its log structure pulled

back from X. Denote by g the pullback morphism g : Y ×X ξ → ξ in the category of fs log adic
spaces. Let F be an abelian sheaf on Ykét. Then for q ≥ 0, we have an isomorphism

i−1Rqfkét,∗F ≃ Rqgkét,∗(F|Y×Xξ).

Proof. The proof of [DLLZ23b, Lemma 4.4.27] shows that we have an equivalence of topoi ξ∼két ≃
lim←−U∼

i,két, where the limit is over the filtered category of étale neighborhoods iU : ξ → U in X. In
particular, every V ∈ ξkét descends to some VU0 ∈ U0,két, and for q ≥ 0 we have an isomorphism

Hq((Y ×X V )két,F) ≃ lim−→
U→U0

Hq((Y ×X VU0 ×U0 U)két,F) .

After sheafification, these give Rqgkét,∗(F|Y×Xξ) and i−1Rqfkét,∗F , respectively. This completes
the proof. □

3. Log blow-ups in rigid geometry

In this section, we define log blow-ups of fs log rigid varieties via algebraic toric models, study
their basic properties, and describe them in terms of subdivisions of fans. As an application, we
show that toric singularities (i.e., singularities of fs log smooth rigid varieties) can be resolved
locally by log blow-ups. We treat global resolutions in Section 6.

3.1. Definition and basic properties. We first introduce coherent ideals of log structures, along
which log blow-ups are defined.

Definition 3.1. Let X be an fs log rigid variety. We say that an ideal J ⊂ MX is coherent if,
étale locally on X, there exist an fs chart P →MX and a finitely generated ideal I ⊂ P such that
J = IMX . We say that J is invertible if it is étale locally generated by one element of MX .

Unless otherwise stated, all ideals considered below are assumed to have nonempty geometric
stalks.

Let P be a toric monoid, i.e., a sharp fs monoid. Put TP := Spec(K[P ]), equipped with its
canonical log structure, and let T an

P be its analytification over K.

Definition 3.2. Suppose that X admits a chart P → MX and that J = IMX for a finitely
generated ideal I ⊂ P . Let TP,I → TP be the (fs) log blow-up along I, obtained by saturating the
monoid charts of the blow-up of TP along the monomial ideal IK[P ]. We define

LogBlJ (X) := X ×T an
P

T an
P,I .

Remark 3.3. Since the chart morphism X → T an
P is strict, the underlying adic space of the fiber

product in the above definition is the ordinary fiber product of the underlying adic spaces.

Remark 3.4. Suppose that I = (a1, . . . , ar) + P . For 1 ≤ i ≤ r, put

P 0
i := P +

r∑
j=1

N(aj − ai) ⊂ P gp, Pi := (P 0
i )sat.
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Then TP,I is covered by the affine toric varieties Spec(K[Pi]), and after base change to X, their
analytifications give charts of LogBlJ (X). On the i-th chart, the pullback of J is generated by ai.

Proposition 3.5. Let f : Y = LogBlJ (X) → X be as above, and let h : Z → X be a morphism
of fs log rigid varieties such that JMZ is invertible. Then h factors uniquely through f , i.e., there
exists a unique morphism Z → Y over X.

Proof. The problem is étale local on Z. Since JMZ is invertible, after further étale localization, it
is generated by the image of one of a1, . . . , ar, say ai. Then the images of all differences aj − ai lie
inMZ . Hence the map P gp →Mgp

Z carries P 0
i intoMZ , and it also carries Pi intoMZ sinceMZ

is saturated. Applying the structure morphism ofMZ , we obtain a morphism Z → Spec(K[Pi])
an,

which gives the desired factorization. The uniqueness follows from integrality: the images of the
differences aj − ai are determined by the map on P . Therefore, the local factorizations glue. This
completes the proof. □

By Proposition 3.5, the construction of LogBlJ (X) is independent of the choice of the chart.
Moreover, the toric models are projective, and the invertible ideals IOTP,I

define relatively ample
line bundles which are compatible with the descent data. Therefore, by strict étale descent, the
construction extends to an arbitrary coherent ideal J ⊂MX .

Definition 3.6. Let X be an fs log rigid variety and let J ⊂MX be a coherent ideal. We call the
resulting morphism LogBlJ (X)→ X the log blow-up of X along J .

Proposition 3.7. Let f : Y = LogBlJ (X)→ X be a log blow-up, and let h : Z → X be a morphism
of fs log rigid varieties. Then there is a canonical isomorphism

Z ×X Y ≃ LogBlJMZ
(Z).

Proof. Let W be an fs log rigid variety over Z. A morphism W → Z ×X Y over Z is equivalent to
a morphism W → Y over X. By Proposition 3.5, the existence of such a morphism is equivalent
to the invertibility of JMW . Since the right-hand side represents the same functor, this completes
the proof. □

Proposition 3.8. Let f : Y = LogBlJ (X)→ X be a log blow-up. Then f is proper and log étale,
and it is a monomorphism in the category of fs log rigid varieties. Moreover, f is an isomorphism
over the trivial locus of the log structure of X, and JMY is invertible.

Proof. The properness follows from the properness of the algebraic morphism TP,I → TP , together
with analytification and base change. On the charts in Remark 3.4, the maps P → Pi induce
isomorphisms on groupifications, so f is log étale by the chart criterion. The remaining assertions
follow from Proposition 3.5. □

Remark 3.9. The fiber product in Proposition 3.7 is taken in the category of fs log rigid varieties: if
h is not strict, the underlying adic space of Z×XY need not be the ordinary fiber product. Similarly,
for a general X, the log blow-up LogBlJ (X) need not be the normalization of the ordinary blow-up
of X along JOX . However, this identification holds if X is log smooth over K: since normalization
commutes with étale base change, it can be checked on strictly étale toric charts, where saturating
the monoid charts normalizes the monomial blow-up.
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We record the following consequence of Proposition 3.7, which is useful for Kummer towers.

Corollary 3.10. Assume that K is perfectoid and K+ = K◦. Let P be a toric monoid, let I ⊂ P
be a nonempty finitely generated ideal, and let Y → EP := Spa(K⟨P ⟩,K◦⟨P ⟩) be the log blow-up
along IMEP

. For each positive integer m, put

Em := Spa
(
K

〈
1
mP

〉
,K◦ 〈 1

mP
〉)

, Ym := Y ×EP
Em,

where Em is equipped with the natural log structure modeled on 1
mP . Then there exist a perfectoid

space Y∞ and compatible morphisms Y∞ → Ym such that Y∞ ∼ lim←−m
Ym in the sense of [Sch12,

Definition 7.14].

Proof. Choose generators a1, . . . , ar of I, and let Pi be the monoids in Remark 3.4. Since the
saturation of 1

mP +
∑

j N(aj − ai) is 1
mPi, the toric charts of Ym are modeled on the monoids 1

mPi.
Put

Pi,Q :=
⋃
m≥1

1
mPi.

The completed monoid algebras K⟨Pi,Q⟩ are perfectoid by [DLLZ23b, Lemma 2.2.15], and the
associated affinoid perfectoid spaces are tilde-limits of the corresponding charts at finite levels.
These identifications are compatible with the monomial localizations on the intersections of the
charts. Hence the finitely many perfectoid charts glue to the desired perfectoid space Y∞. This
completes the proof. □

3.2. The log adic space associated with a fan. We first fix some basic notions in toric geometry.

Definition 3.11. Let N be a free abelian group of finite rank, and put NR := N ⊗Z R and M :=
Hom(N,Z). A strongly convex rational polyhedral cone is a cone of the form σ =

∑
iR≥0vi ⊂ NR

with finitely many vi ∈ N such that σ ∩ (−σ) = {0}. A fan Σ is a finite collection of such cones
which is stable under taking faces and such that the intersection of any two cones in Σ is a common
face.

We also recall the notion of regularity, which corresponds to the smoothness of toric varieties.

Definition 3.12. A cone is called regular if its primitive ray generators form part of a basis of N ,
and a fan is called regular if all its cones are regular.

As in classical toric geometry, one can associate a log adic space with a fan: the following
definition comes from [Sch12, Section 8].

Definition 3.13. Let Σ be a fan. For σ ∈ Σ, put Pσ := σ∨ ∩M , and denote by Eσ the log adic
space Spa(K⟨Pσ⟩,K+⟨Pσ⟩), equipped with the log structure associated with the chart Pσ. For a
face τ ⪯ σ, the monoid Pτ is a localization of Pσ, and the induced morphism Eτ → Eσ is the
rational open immersion onto the locus where the localized monomials and their inverses are power
bounded. We denote by EΣ the log adic space obtained by gluing the Eσ, σ ∈ Σ, and by MΣ its
log structure induced by the charts.

Let TΣ be the toric variety over K associated with Σ. Then each Eσ is an affinoid open subspace
of T an

σ , and these embeddings identify EΣ with an open subspace of T an
Σ . The following lemma

shows that subdivisions in the algebraic setting pass to the rigid analytic setting.
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Lemma 3.14. Let Σ′ → Σ be a subdivision. Then

EΣ′ = EΣ ×T an
Σ

T an
Σ′ .

In particular, the morphism EΣ′ → EΣ is proper. Moreover, if K+ = K◦, then EΣ is the rigid
generic fiber of the formal completion of the toric K◦-model, and it equals T an

Σ when Σ is complete.

Next, we recall the relation between monoid ideals and subdivisions.

Definition 3.15. Let σ ⊂ NR be a strongly convex rational polyhedral cone, and let I ⊂ Pσ be an
ideal generated by a1, . . . , ar. The support function of I is

φI(v) := min
i
⟨ai, v⟩, v ∈ σ.

For 1 ≤ i ≤ r, put

σi := {v ∈ σ | ⟨ai, v⟩ ≤ ⟨aj , v⟩ for all j}.
The maximal cones among the σi, together with all their faces, form a subdivision ΣI of σ, called
the subdivision associated with I. Then φI is a concave piecewise linear function, and the maximal
cones of ΣI are its maximal domains of linearity.

Proposition 3.16. Let I ⊂ Pσ be as above. Then the morphism EΣI
→ Eσ is the log blow-up along

IMEσ . Moreover, its underlying morphism is the normalization of the ordinary blow-up along the
monomial ideal generated by the ai.

Proof. Let P 0
i and Pi be the monoids in Remark 3.4 for P = Pσ. Then we have

Cone(P 0
i )∨ = {v ∈ σ | ⟨aj − ai, v⟩ ≥ 0 for all j} = σi,

and hence Pi = σ∨
i ∩M = Pσi . Therefore, the log blow-up TPσ ,I in the algebraic setting is TΣI

with
the same gluings, and the first statement follows by restricting to EΣI

. The last assertion follows
since saturating the monoids normalizes the charts of the monomial blow-up. □

Definition 3.17. We say that a family (Iσ)σ∈Σ of finitely generated ideals Iσ ⊂ Pσ is compatible
if Iτ = Iσ + Pτ for every face τ ⪯ σ. Such a family defines a coherent ideal I ⊂ MΣ, and the
subdivisions ΣIσ glue to a subdivision ΣI of Σ. A subdivision of Σ is called coherent if it is obtained
in this way.

Example 3.18. Suppose that σ =
∑n

i=1R≥0ei is regular, and let m1, . . . ,mn be the dual basis.
For v = e1 + · · ·+er, the ideal (m1, . . . ,mr)+Pσ gives the star subdivision at v, and the underlying
morphism of the corresponding log blow-up is the ordinary blow-up along the closed subspace
V (m1, . . . ,mr).

Combined with classical results in toric geometry, our construction gives the following local
resolution of toric singularities.

Corollary 3.19. Let X be an fs log rigid variety log smooth over K. Then, étale locally on X, there
exists a log blow-up Y → X such that Y is smooth over K and its log structure is the compactifying
log structure associated with a strictly normal crossing divisor.
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Proof. Since the problem is étale local on X, by [DLLZ23b, Proposition 3.1.10], we may assume
that there exist a sharp fs monoid P and a strictly étale morphism X → Eσ × Bd, where N :=
Hom(P gp,Z), σ := Hom(P,R≥0) ⊂ NR, and Bd is a polydisc equipped with the trivial log structure.
By [Kat94, Proposition 9.8], there exists a coherent subdivision Σ′ → σ such that Σ′ is regular. By
Propositions 3.16 and 3.7, we obtain the associated log blow-up

Y := X ×Eσ EΣ′ −→ X.

For a cone τ ∈ Σ′ of dimension r, since τ is regular, we have Pτ ≃ Nr ⊕ ZrkN−r. Hence EΣ′ is
smooth. Since the induced morphism Y → EΣ′ × Bd is the base change of X → Eσ × Bd, it is
strictly étale, and hence Y is also smooth and its log structure is the compactifying log structure
associated with a strictly normal crossing divisor. This completes the proof. □

Remark 3.20. The regular subdivision chosen in the above proof depends on the local chart, so
these local log blow-ups cannot be glued in general. We construct global resolutions in Section 6.

4. Proper base change

4.1. Comparison between Kummer étale and étale cohomology. Let X be a locally noe-
therian fs log adic space, let n be a positive integer invertible in OX , and put Λ := Z/nZ. Let
ϵ : Xkét → Xét denote the natural morphism of sites. We briefly recall the computation of Rϵ∗Λ
from [DLLZ23b, Lemma 4.4.29].

Consider the sequence

1→ Λ(1)→Mgp
Xkét

×n−−→Mgp
Xkét
→ 1

on Xkét, which is exact by the discussion before [DLLZ23b, Lemma 4.4.29]. The boundary map
factors through the characteristic monoid and gives a map

Mgp
Xét
⊗ Λ→ R1ϵ∗Λ(1).

Taking cup products, as in [DLLZ23b, Lemma 4.4.29], induces a natural map

c :

q∧
Mgp

Xét
⊗ Λ(−q)→ Rqϵ∗Λ

for every q ≥ 0. By the same lemma, we have

Theorem 4.1. For every q ≥ 0, the map c is an isomorphism

c :

q∧
Mgp ⊗ Λ(−q)

≃−→ Rqϵ∗Λ.

Corollary 4.2. We have an isomorphism
q∧
Mgp ⊗ (O+

Xét
/p)(−q)

≃−→ Rqϵ∗(O+
Xkét

/p).

Proof. This follows from Theorem 4.1 and [DLLZ23b, Lemma 4.5.8], applied with Y = Xkét and
Z = Xét. □

Lemma 4.3. If F ∈ D
(b)
zc (Xét,Λ), then Rϵ∗ϵ

∗F ∈ D
(b)
zc (Xét,Λ).
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Proof. By [BH22, Proposition 3.6], we may assume that there exists a finite morphism f : Y → X,
with the log structure on Y pulled back from X, such that F = fét,∗Λ. As f is finite, the stalk
computation shows that fkét,∗Λ = ϵ∗F . Therefore, by Lemma 4.4 below, we may replace X by Y ,

and it suffices to show that Rϵ∗ϵ
∗Λ ∈ D

(b)
zc (Xét,Λ), which follows from Theorem 4.1. □

Lemma 4.4. Let f : Y → X be a strict finite morphism between analytic fs log adic spaces. Let F
be an abelian sheaf on Ykét. Then for i ≥ 1 we have Rifkét,∗F = 0.

Proof. It suffices to check the stalks at all log geometric points ζ = (Spa(l, l+),M, α) → X.
Let ξ : Spa(l, l+) → X be the associated geometric point. Denote by g the pullback morphism
g : Y ×X ξ → ξ in the category of fs log adic spaces. According to Proposition 2.6, it suffices to
show that Rigkét,∗(F|Y×Xξ) = 0, or equivalently, that gkét,∗ is exact. Therefore we may assume
that X = ξ. Since f is strict and finite, Y =

∐
i ξi is a finite disjoint union of copies ξi of ξ. Let ζi

be the pullback of ζ along ξi → ξ. Taking colimits, we obtain (f∗F)ζ ≃
∏

iFζi . This completes the
proof. □

4.2. Proper base change for local systems.

Theorem 4.5. Let

Y ′ Y

X ′ X

g′

f ′ f

g

be an fs cartesian square of fs log rigid varieties, where the underlying morphism f is proper and g
is strict. Then for an abelian torsion sheaf F on Ykét, the base change map

g∗Rf∗F → Rf ′
∗g

′∗F
is an isomorphism in any of the following cases:

(1) p is invertible in F ;
(2) dim. tr g = 0 (see [Hub96, Definition 1.8.4]);
(3) F comes from a Zariski-constructible sheaf on Yét.

Remark 4.6. For example, case (2) applies when g is a strict closed immersion.

Remark 4.7. One can also define Zariski-constructibility on the Kummer étale site Ykét. However,
as explained in [Ill02, 4.8], Rf∗F need not be Zariski-constructible on Xkét for a Zariski-constructible
sheaf F on Ykét.

Proof. It suffices to check the stalks at all log geometric points ζ = (Spa(l, l+),M, α) → X ′. Let
ξ : Spa(l, l+) → X ′ be the associated geometric point. As X and X ′ admit a chart modeled on a
sharp fs monoid P up to étale localization, by Proposition 2.6 and the discussion in Section 2.2, we
may assume that X = Spa(l, l+) with log structure associated with the pre-log structure P → l+,
X ′ = Spa(l′, l′+) with log structure associated with the pre-log structure P → l+ → l′+, and M is
the log structure of ζ associated with the pre-log structure PQ≥0

→ l+. For m ≥ 1, let

Em := Spa

(
l

〈
1

m
P

〉
, l+

〈
1

m
P

〉)
,
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equipped with the natural log structure modeled on 1
mP . Take a chart X ′ → X → E1. Then for

any abelian sheaf F on Ykét, we have

(Rifkét,∗F)ζ = lim−→
m

H i
két((Y ×E1 Em),F) = lim−→

m

Ri(ϵ ◦ (f ×E1 Em)két)∗F ,

where we identify F with its restriction.
Therefore, to prove the theorem, after replacing f by ϵ ◦ (f ×E1 Em), we may assume that X

and X ′ have trivial log structures. In this case, we can factor f = f ◦ ϵ, where f : Y → X is
the underlying map. The classical proper base change theorem holds in all three cases: when p
is invertible in F or dim. tr g = 0, this is [Hub96, Theorem 4.1.1]; when F comes from a Zariski-
constructible sheaf on Yét, this follows from [BH22, Theorem 3.15] and Lemma 4.3. Therefore, we
are reduced to the case where f = ϵ. In this case, base change follows from the stalk computation
in [DLLZ23b, Lemma 4.4.27], since g is strict. □

4.3. Proper base change for O+
X/p.

Theorem 4.8. Let

Y ′ Y

X ′ X

g′

f ′ f

g

be an fs cartesian square of fs log rigid varieties, where the underlying morphism f is proper and g

is strict. Then the base change map of O+
X′/p-modules

g∗Rf∗(O+
Y /p)→ Rf ′

∗g
′∗(O+

Y /p)

is an almost isomorphism.

Proof. As in the proof of Theorem 4.5, we may reduce to the case where X = Spa(l, l+) and
X ′ = Spa(l′, l′+) have trivial log structures, and then the same argument goes through. □

5. Acyclicity of log blow-ups

In this section, we prove the acyclicity of certain sheaves under log blow-ups. Let n be a positive
integer, and put Λ := Z/nZ.

5.1. Local systems. The main result of this subsection is the following theorem.

Theorem 5.1. Let X be an fs log rigid variety over K, and let f : Y → X be a log blow-up along
a coherent ideal J ⊂MX whose geometric stalks are nonempty. Then for an abelian torsion sheaf
F on Xkét which comes from a Zariski-constructible sheaf on Xét, the adjunction map

F → Rf∗f
∗F

is a quasi-isomorphism.

The theorem follows from the following computation.
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Proposition 5.2. Let (X,M) be an fs log rigid variety log smooth over K. Let U be the maximal
open subspace of X on which M is trivial, and let j : U ↪→ X be the inclusion. Then the natural
map

Rϵ∗Λ→ Rj∗Λ

is a quasi-isomorphism.

Proof. The proof of [DLLZ23b, Lemma 4.6.2] goes through: since the problem is étale local, by
[DLLZ23b, Proposition 3.1.10], we may assume that there exists a strictly étale morphism X →
E := Spa(K⟨P ⟩,K+⟨P ⟩) for some toric monoid P , where the log structure on E is associated
with the pre-log structure P → K⟨P ⟩. We may further assume that X = E. Then X is an open
subspace of the analytification of the scheme Spec(K[P ]). The proposition then follows from its
analogue for schemes [Ill02, Corollary 7.5] and the comparison theorem between schemes and their
analytifications [Hub96, Theorem 3.8.1]. □

Proof of Theorem 5.1. The proof of [Ill02, Theorem 6.2] goes through; we include it for complete-
ness. We show that for any log geometric point x̃ of X, the following holds:

(∗)x̃ αx̃ : Fx̃ −→ (Rf∗f
∗F)x̃

is an isomorphism. We prove (∗)x̃ by induction on

r(x) = rk(Mgp
)x

(where x (resp. x) is the point (resp. geometric point) of X that is the image of x̃). Let r ∈ N.
Assume (∗)x̃ holds for all (X,J , x̃) such that r(x) < r. Applying the proper base change theorem
(Theorem 4.5) to the base change by the strict map x → X, we may assume that the underlying
adic space of X is Spa(l, l+), with l a complete separably closed nonarchimedean field, and that
X is equipped with a chart X → Spa(l⟨P ⟩, l+⟨P ⟩), with P toric, P gp ∼= Zr and J = IMX . By
dévissage on F we reduce to the case F = Λ. Now let X = Spec(K[P ])an be the analytification of
the affine toric variety, with vertex {0} corresponding to the map P → K sending a to 0 for a ̸= 0
and 0 to 1. Endow X with its canonical log structure and let f : Y → X be the log blow-up of X
along I. Applying Theorem 4.5(3) again to the base change by the strict map x → X sending x
to {0}, we are reduced to showing that the stalk of α : Λ → Rf∗Λ at a log geometric point {0}∼
above {0} is an isomorphism. Let C ∈ D+(Xkét,Λ) be the cone of α, defined by the exact triangle

Λ
α−−→ Rf∗Λ −→ C −→ Λ[1].

We have to show C{0}∼ = 0. By the induction hypothesis, Cζ = 0 for all log geometric points
ζ over a point x of X distinct from {0}, since r(x) < r for such a point. For m ≥ 1, put
Xm := Spec(K[ 1

mP ])an and Ym := Y ×X Xm, and let fm : Ym → Xm be the pullback of f . Write
{0}m for the vertex of Xm, and let Cm be the pullback of C. By Kummer étale localization, Cm is
the cone of Λ→ Rfm,∗Λ, and it is supported on {0}m. The restrictions of these Kummer covers to
the vertex compute the stalk at {0}∼. Therefore, it suffices to prove that, for every m,

RΓ({0}m,két, Cm) = 0.

Since

RΓ({0}m,két, Cm) = RΓ(Xm,két, Cm),
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it suffices to show that the pullback map

f∗
m : Hq(Xm,két,Λ) −→ Hq(Ym,két,Λ)

is an isomorphism for all q, which follows from Proposition 5.2, since Xm and Ym have the same
trivial locus. □

5.2. Integral structure sheaf. We prove that the Kummer étale cohomology of O+
X is invariant

under log blow-ups (in the almost sense). However, this fails for étale cohomology.
We first consider coherent cohomology of log smooth varieties.

Theorem 5.3. Let X be an analytic fs log rigid variety log smooth over C, and let f : Y → X
be a log blow-up along a coherent ideal J ⊂ MX whose geometric stalks are nonempty. Then the
adjunction maps

OX → Rf∗OY , Ωlog
X → Rf∗Ω

log
Y

are quasi-isomorphisms.

Proof. For the structure sheaf, as in the proof of Proposition 5.2, we may use strictly étale toric
charts to reduce to the case X = E := Spa(C⟨P ⟩,OC⟨P ⟩). The assertion then follows from the
corresponding result for schemes [Kat94, Theorem 11.3] and GAGA [FK18, Proposition 9.4.2].

Since Ωlog
X is locally free and f is log étale, we have f∗Ωlog

X ≃ Ωlog
Y . The assertion for log differentials

then follows from the projection formula. □

We then consider the sheaf O+
X/p on the Kummer étale site.

Theorem 5.4. Let X be an analytic fs log rigid variety over C, and let f : Y → X be a log blow-up
along a coherent ideal J ⊂MX whose geometric stalks are nonempty. Then the adjunction map

O+
X/p→ Rf∗(O+

Y /p)

is an almost quasi-isomorphism over the Kummer étale site.

Remark 5.5. The claim fails on the étale site: for example, let X be the analytic affine plane A2,
equipped with the log structure associated with the coordinate axes, and let Y be the blow-up of
X at the origin.

Proof. The problem is étale local on X, so we may choose a chart modeled on a sharp fs monoid
P such that J = IMX . When X is log smooth over C, the theorem follows from Theorem 5.1
and the relative primitive comparison theorem (Theorem 5.6) below. In general, by adding affinoid
coordinates, we obtain a strict closed immersion i : X ↪→ Z := EP × Bd. Let h : W → Z be the
log blow-up along I. Then Z and W are log smooth over C, and Y = X ×Z W by Proposition 3.7.
Write i′ : Y ↪→ W for the induced strict closed immersion. Since dim. tr i = 0, Theorem 4.5(2),
together with [DLLZ23b, Lemma 4.5.7], gives

O+
X/p ≃ i−1(O+

Z /p) ≃a i−1Rh∗(O+
W /p) ≃ Rf∗i

′−1(O+
W /p) ≃ Rf∗(O+

Y /p).

This completes the proof. □
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Theorem 5.6. Let f : Y → X be a proper log smooth morphism of fs log adic spaces log smooth
over Spa(K,K+). Let L be an Fp-local system on Ykét. Then for all i ≥ 0, there is an almost
isomorphism of sheaves of almost O+

Xkét
-modules

(Rifkét,∗L)⊗O+
Xkét

/p ≃ Rifkét,∗(L⊗O+
Ykét

/p).

Proof. Arguing Kummer étale locally, we may assume that L is the constant sheaf Fp. Write
f : Y → X for the underlying proper morphism, and let ϵT : Tkét → T ét be the natural morphism
of sites for T = X,Y . We consider the natural map

θf : (Rfkét,∗Fp)⊗Fp O+
Xkét

/p −→ Rfkét,∗(O+
Ykét

/p).

Put A := RϵY,∗Fp. By Lemma 4.3, we have A ∈ Db
zc(Y ét,Fp). Applying [DLLZ23b, Lemma 4.5.8]

to the morphism from T to T (with trivial log structure), we obtain, for complexes B of Fp-sheaves
on Tkét,

(RϵT,∗B)⊗Fp O+
T ét

/p
≃−→ RϵT,∗(B ⊗Fp O+

Tkét
/p).

Applying this for T = X,Y and using ϵX ◦ fkét = f
ét
◦ ϵY , we can identify RϵX,∗θf with

(Rf
ét,∗A)⊗Fp O+

X ét
/p −→ Rf

ét,∗(A⊗Fp O+
Y ét

/p). (5.1)

We claim that RϵX,∗θf is an almost quasi-isomorphism. By [BH22, Proposition 3.6] (which also
applies for general K+), it suffices to consider A = qét,∗Fp for a finite morphism q : T → Y . Since
Rqét,∗Fp = qét,∗Fp, the relative primitive comparison theorem for rigid spaces [Heu24, Theorem
4.1], applied to q, gives

(qét,∗Fp)⊗Fp O+
Y ét

/p ≃a Rqét,∗(O+
Tét

/p).

By compatibility with composition, (5.1) is then identified, up to almost quasi-isomorphism, with
the comparison map for the proper morphism f ◦ q. Applying the same theorem to f ◦ q proves the
claim.

Finally, let U → X be a Kummer étale morphism with U quasi-compact, and let fU : Y×XU → U
be the base change of f , with the fiber product taken in fs log adic spaces. The same argument as
above shows that RϵU,∗(θf |U ) is an almost quasi-isomorphism. If C is the cone of θf , it follows that

RΓ(Ukét, C|U ) ≃ RΓ(U ét, RϵU,∗(C|U )) ≃a 0.

These U form a basis of Xkét, so sheafifying the cohomology presheaves gives Hi(C)a = 0 for all i.
Thus θf is an almost quasi-isomorphism. This completes the proof. □

We now pass from O+
X/p to O+

X on the Kummer étale site.

Theorem 5.7. Let X be an analytic fs log rigid variety log smooth over C, and let f : Y → X
be a log blow-up along a coherent ideal J ⊂ MX whose geometric stalks are nonempty. Then the
adjunction map

O+
X → Rf∗(O+

Y )

is an almost quasi-isomorphism on the Kummer étale site.

Remark 5.8. By Remark 5.5, the theorem fails on the étale site.
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Proof. The assertion is local on X, so we may assume that X is quasi-compact and quasi-separated.
Since O+

X and O+
Y are p-torsion free, the short exact sequences

0 −→ O+/pn−1 p−−→ O+/pn −→ O+/p −→ 0

and Theorem 5.4 give, by induction on n, almost quasi-isomorphisms

O+
X/pn −→ Rf∗(O+

Y /p
n), n ≥ 1.

For Z = X,Y , we have

OZ/O+
Z = lim−→

n,×p

O+
Z /p

n.

Since the higher direct images of f commute with filtered colimits, taking filtered colimits gives an
almost quasi-isomorphism

OX/O+
X −→ Rf∗(OY /O+

Y ).

We then compare, via the adjunction maps, the short exact sequences

0 −→ O+
Z −→ OZ −→ OZ/O+

Z −→ 0.

The middle terms are identified by Theorem 5.3, applied after Kummer étale base change; here
coherent cohomology on the Kummer étale and analytic sites agrees by [DLLZ23b, Theorem 4.3.7].
The quotient terms are almost identified by the preceding paragraph. This completes the proof. □

6. Global resolutions of toric singularities

In this section, we prove that a quasi-compact fs log rigid variety log smooth over K admits a
global resolution by log blow-ups whose boundary is a strictly normal crossing divisor. The local
resolution was established in Corollary 3.19; the main issue here is to make the subdivisions on
different charts compatible. To this end, we use the canonical subdivisions of [W lo22], and descend
the associated monoid ideals to coherent ideals ofMX . After obtaining a normal crossing boundary,
we separate its branches by a further sequence of log blow-ups.

6.1. Canonical subdivisions of fans. We keep the notation Pσ, Eσ and EΣ from Section 3.
Let X be an fs log rigid variety over K. For a geometric point x of X, the sharp monoid MX,x

determines the cone σx and the lattice Nx given by

σx := Hom(MX,x,R≥0), Nx := Hom(Mgp
X,x,Z).

On a chart modeled on P , localizing P and then passing to the sharpening identifies these cones
with faces of Hom(P,R≥0). On overlaps of charts, these identifications are induced by the étale
sheaf MX . In what follows, we only use these local cones and their identifications.

We first recall the definition of star subdivisions from [W lo22, Definition 4.3.3], which slightly
generalizes the classical one for the purpose of functoriality.

Definition 6.1 ([W lo22, Definition 4.3.3]). Let Σ be a finite fan. A center of a star subdivision of
Σ is a finite set V of nonzero primitive lattice vectors in |Σ| such that no cone of Σ contains two
elements of V . The star subdivision V · Σ of Σ at V is obtained by taking the star subdivision at
each v ∈ V .
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Since the sets of cones affected by different elements of V are disjoint, the subdivision V · Σ
does not depend on the order in which these star subdivisions are taken. The same terminology
applies to finite disjoint unions of fans. We use the following form of W lodarczyk’s functorial
desingularization theorem.

Theorem 6.2 ([W lo22, Theorem 4.6.1]). Let Σ be a finite disjoint union of fans. Then there is a
finite sequence

Σn −→ · · · −→ Σ0 = Σ, Σi+1 = Vi · Σi,

such that each Vi is a center of a star subdivision of Σi and does not meet any regular cone of
Σi, and Σn is regular. Moreover, the centers Vi are functorial with respect to surjective local
isomorphisms of cone complexes (i.e., morphisms mapping each cone, together with its induced
lattice, isomorphically onto a cone). In particular, the sequence respects identifications between
faces; namely, the i-th step is the identity on the faces which do not meet Vi.

The following lemma shows that each step in Theorem 6.2 is the log blow-up along a coherent
ideal. It also provides the compatibility needed to glue on étale covers.

Lemma 6.3 ([W lo22, Lemma 6.3.8]). Let Σ be a finite fan and V a center of a star subdivision of
Σ. For σ ∈ Σ, v ∈ V ∩ σ and an integer a > 0, put

Jσ,v,a := {m ∈ Pσ | ⟨m, v⟩ ≥ a}, Jσ,a :=
∏

v∈V ∩σ
Jσ,v,a,

where Jσ,a is understood to be the unit ideal if V ∩ σ = ∅. Then for a sufficiently divisible integer
a > 0, the ideals Jσ,a, σ ∈ Σ, define a coherent ideal JV,a ⊂ MΣ whose log blow-up is EV ·Σ →
EΣ. Moreover, these ideals are compatible with localization to faces and with lattice isomorphisms
preserving V .

Proof. By [W lo22, Lemma 6.3.8] and Proposition 3.16, the log blow-up along Jσ,v,a corresponds to
the star subdivision at v for sufficiently divisible a. Since Σ is finite and each cone contains at most
one element of V , a common such a gives the required subdivision on every cone.

For a face τ ⪯ σ, we have

Jσ,v,a + Pτ =

{
Jτ,v,a, v ∈ τ,

Pτ , v /∈ τ.

Indeed, if v ∈ τ , the elements inverted pair to zero with v; otherwise, some b ∈ Pσ ∩ τ⊥ satisfies
⟨b, v⟩ ≥ a and becomes a unit. Hence Jσ,a + Pτ = Jτ,a, so these ideals define the required coherent
ideal. Since the pairing is invariant under lattice isomorphisms and vanishes on units, the construc-
tion is also compatible with lattice isomorphisms and sharpening, and the resulting ideals therefore
descend in MX . □

Proposition 6.4. Let X be a quasi-compact fs log rigid variety log smooth over K, and let X◦ be
the maximal open subspace of X on which the log structure is trivial. Then there is a finite sequence
of log blow-ups Xr → · · · → X0 = X, each of which is an isomorphism over X◦, such that Xr is
smooth over K and Dr := (Xr \ X◦)red is a normal crossing divisor. Moreover, the log structure
on Xr is the compactifying log structure associated with Dr.
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Proof. The proof is similar to that of [W lo22, Theorem 6.5.1]. Choose finitely many strictly étale
morphisms Uα → X covering X, such that each Uα is affinoid and admits a strictly étale toric chart
Uα → Eσα . Applying Theorem 6.2 to the disjoint union of these fans, we obtain a single sequence
of star subdivisions. At a geometric point of an overlap, strictness identifies the two characteristic
monoids, and hence identifies the corresponding faces together with their lattices. By Theorem 6.2,
the centers are compatible with these identifications at every step.

We construct the Xi inductively. Suppose that Xi has been constructed. Choose an integer
ai > 0 as in Lemma 6.3 for all the fans at the i-th step. By Lemma 6.3, the images in MXi of the
ideals Jσ,ai on the charts agree on overlaps, and hence descend to a coherent ideal J i ⊂MXi . Let
Ji ⊂MXi be its inverse image, and put

Xi+1 := LogBlJi
(Xi).

By Proposition 3.7, the pullback of Xi+1 → Xi to each chart is the log blow-up associated with
the star subdivision. This completes the induction step, and all the identifications on overlaps
are preserved. By Theorem 6.2, all fans become regular after finitely many steps, which gives the
smooth Xr with a normal crossing divisor Dr. This completes the proof. □

6.2. Transforming an NC divisor into an SNC divisor. In this subsection, let X be a quasi-
compact smooth rigid variety over K, equipped with the compactifying log structure associated
with a normal crossing divisor D. We show that D can be transformed into a strictly normal
crossing divisor by a sequence of log blow-ups. We follow the argument of [W lo22, 6.2] with some
modifications for the rigid analytic setting.

More precisely, we construct the centers directly as the closed subspaces defined by coherent
ideals. These ideals are defined on étale charts on which D splits into smooth branches, and
descend to X since they agree on overlaps. This avoids the use of strata, whose description in
terms of irreducible components requires additional care in the rigid analytic setting.

We start with the following definition.

Definition 6.5. Let ∆ be a reduced divisor and H a strictly normal crossing divisor on X without
common components, such that B := ∆ ∪H is a normal crossing divisor. For a geometric point x
of X, take an étale chart around x with coordinates such that

∆ = V (x1 · · ·xb), H = V (y1 · · · yh),

where all these branches pass through x. We call b(x) := b the number of branches of ∆ at x, and
put m := maxx b(x), which is finite.

To transform a normal crossing divisor D into a strictly normal crossing divisor, we start with
∆ = D and H = ∅, and reduce m at each step until m ≤ 1. The following lemma associates a
coherent ideal of MB with the closed subset of points x with b(x) = m.

Lemma 6.6. In the situation of Definition 6.5, suppose that m ≥ 2, and let MB be the compact-
ifying log structure associated with B. Then there exists a coherent ideal Jm ⊂ MB such that the
coherent ideal Im := JmOX defines a smooth closed subspace Cm ⊂ X of codimension m with the
following properties: the geometric points of Cm are those x with b(x) = m, and locally at such a
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point, there is a coordinate system in which

Im = (x1, . . . , xm), H = V (y1 · · · yh).

Proof. Locally on X, choose a chart modeled on a free monoid P , and let e1, . . . , er be the generators
of P corresponding to the branches of ∆. Define the monoid ideal

Jm :=
∏

I⊂{1,...,r}
|I|=m

(ej | j ∈ I),

where the empty product is defined to be the unit ideal. At a geometric point, let A ⊂ {1, . . . , r}
be the set of indices of the branches passing through this point. Then all generators ej with j /∈ A

become units. Since |A| ≤ m, every factor of Jm becomes the unit ideal if |A| < m, whereas if
|A| = m, the only factor which does not become the unit ideal is (ej | j ∈ A).

Hence the stalks of Jm depend only on the set of branches of ∆ passing through the point,
and these ideals descend to a coherent ideal of MB. Let Jm ⊂ MB be its inverse image. Then
Im = JmOX is the unit ideal away from the closed subset of points with b(x) = m, and near such
a point it is given by the equations x1 = · · · = xm = 0. These equations show that Cm is a smooth
closed subspace of codimension m. This completes the proof. □

Lemma 6.7. In the situation of Lemma 6.6, let π : X ′ → X be the log blow-up of (X,MB) along
Jm. Let ∆′ and Hstr be the strict transforms of ∆ and H, respectively, and let E be the reduced
exceptional divisor. Then π is the ordinary blow-up of X along Cm, X ′ is smooth, H ′ := Hstr ∪ E
is a strictly normal crossing divisor, and ∆′ ∪H ′ is a normal crossing divisor. Moreover, ∆′ has
at most m− 1 branches at every geometric point of X ′.

Proof. Let x be a geometric point of Cm, and choose coordinates as in Lemma 6.6. Then locally
at x, we may write the chart monoid and the ideal as

P =
m⊕
j=1

Nej ⊕
h⊕

k=1

Nfk, J = (e1, . . . , em),

where ej and fk correspond to xj and yk, respectively. For 1 ≤ i ≤ m, the i-th chart of the log
blow-up (see Remark 3.4) is modeled on the monoid

Pi = P +
∑
j ̸=i

N(ej − ei) = Nei ⊕
⊕
j ̸=i

N(ej − ei)⊕
h⊕

k=1

Nfk.

Since these generators form a basis of P gp, the monoid Pi is free. On the corresponding chart of
X ′, we have xj = xiuj for j ̸= i, where uj is the function corresponding to ej − ei. These are the
charts of the ordinary analytic blow-up of X along (x1, . . . , xm), and the identifications agree on
overlaps. Hence π is the blow-up of X along Cm.

On this chart, the three parts of the boundary are given by

∆′ = V
(∏
j ̸=i

uj

)
, E = V (xi), Hstr = V (y1 · · · yh).
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Thus X ′ is smooth and the boundary is a normal crossing divisor. The divisor E is smooth,
since it is the projectivization of the normal bundle of Cm in X. The same computation shows
that the strict transforms of the components of H, together with E, are smooth, and so are their
intersections. Therefore, H ′ is a strictly normal crossing divisor.

Finally, above Cm, at most m − 1 branches of ∆′ appear on each chart. Away from Cm, the
morphism π is an isomorphism, and ∆ already has at most m− 1 branches there. This proves the
last assertion. □

Proposition 6.8. Let X be a quasi-compact smooth rigid variety over K, equipped with the com-
pactifying log structure associated with a normal crossing divisor D. Then there is a finite sequence
of log blow-ups, with composition π : X ′ → X, such that (π−1D)red is a strictly normal cross-
ing divisor. Moreover, the log structure on X ′ is the compactifying log structure associated with
(π−1D)red.

Proof. Put X0 := X, ∆0 := D and H0 := ∅. At each step, let ∆i be the strict transform of D
on Xi, and let Hi be the reduced union of the exceptional divisors created so far. If the maximal
number mi of branches of ∆i is at least two, we apply Lemma 6.7 to (∆i, Hi) to obtain Xi+1. After
at most max{0,m0 − 1} steps, we obtain some XN with mN ≤ 1. Then ∆N is a smooth divisor,
and therefore ∆N ∪HN is a strictly normal crossing divisor. Since each step is a log blow-up by
construction, this completes the proof. □

Combining Propositions 6.4 and 6.8, we obtain the following global resolution theorem.

Theorem 6.9. Let X be a quasi-compact fs log rigid variety log smooth over K, and let X◦ be the
maximal open subspace of X on which the log structure is trivial. Then there exists a morphism
π : X ′ → X which is a composition of log blow-ups, such that X ′ is smooth over K, π is an
isomorphism over X◦, and the log structure on X ′ is the compactifying log structure associated
with the strictly normal crossing divisor D′ := (X ′ \X◦)red.

Remark 6.10. In the rigid analytic setting, an argument similar to that of [Niz06, Corollary 4.11]
would show that a composition of log blow-ups is again a log blow-up. In that case, a single log
blow-up suffices in Theorem 6.9.
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