ON THE PRO-KUMMER ETALE COHOMOLOGY OF Bgg

XINYU SHAO

ABSTRACT. We investigate p-adic cohomologies of log rigid analytic varieties over a p-adic field.
For a log rigid analytic variety X defined over a discretely valued field, we compute the Kummer
pro-étale cohomology of IB%;R and Bgr. When X is defined over C,, we introduce a logarithmic
B;{R—cohomology theory, serving as a deformation of log de Rham cohomology. Additionally, we
establish the log de Rham-étale comparison in this setting and prove the degeneration of both the
Hodge-Tate and Hodge-log de Rham spectral sequences when X is proper and log smooth.
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1. INTRODUCTION

Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0 and with
perfect residue field k of characteristic p. Let W (k) be the ring of Witt vectors of k with fraction
field F (therefore W (k) = OF). Let K be an algebraic closure of K and C be its p-adic completion,
and let O be the integer closure of Ok in K. Let ¢ be the absolute Frobnius on W (k). Set
¢ = Gal(K/K).

1
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We will denote by Ok and O, depending on the context, the scheme Spec(Of) or the formal
scheme Spf (O ) with the trivial log structure and the canonical (i.e., associated to the closed point)
log structure respectively.

1.1. Background. Before presenting the main theorem, we review some recent advancements in
p-adic Hodge theory.

The aim of p-adic Hodge theory is to establish a Hodge-type decomposition over p-adic fields,
analogous to the classical Hodge theory developed by Deligne and Hodge. For smooth algebraic
varieties, such a decomposition was first achieved in [Fal88]. In the case of proper smooth rigid ana-
lytic varieties, Scholze extended this framework using perfectoid geometry, leading to the following
results in [Sch13al.

Theorem 1.1. [Sch13a, Corollary 1.8] For any proper smooth rigid-analytic variety X defined over
K, the Hodge—de Rham spectral sequence

EY = HI(X, Q) = Hy (X)

degenerates at E1, and there is a Hodge-Tate decomposition

H (X, Qp) @k C ~ P HT (X, 0%) @K C(—)).
=0

Moreover, the p-adic étale cohomology Hgt(Xc,Qp) is de Rham with associated filtered K-vector
space Hip (X).

Following Scholze’s celebrated work on proper smooth rigid analytic varieties, numerous gener-
alizations have emerged. The work by Hansheng Diao, Kai-Wen Lan, Ruochuan Liu, and Xinwen
Zhu in [DLLZ23a] (see also the work of Shizhang Li and Xuanyu Pan in [LP19]) extended the above
comparison theorem to almost proper rigid analytic varieties X, which means X can be written as
X —Z with X being a proper smooth variety and Z a Zariski closed subset in X. In [DLLZ23a], they
further constructed the Simpson and Riemann-Hilbert correspondences for such varieties. Their
approach involves developing the theory of log adic spaces, enabling a natural log structure on X
induced by the open immersion X — Z < X. By employing resolution of singularities, Z can be
assumed to be a strictly normal crossing divisor on X, allowing the reduction of the problem on X
to one on X, where methods akin to those in [Sch13a] apply.

Another direction of generalization involves exploring general rigid analytic varieties without
requiring X to be proper or smooth. This was studied in [Bos23a] and [Bos23b]. In [Bos23a,
Theorem 1.1.8], Guido Bosco computed the pro-étale cohomology of the period sheaf Bggr for
smooth rigid analytic varieties over a discretely valued field K. Within the framework of condensed
mathematics, he computed the pro-étale cohomology of Bgr via the Poincaré lemma, which, for
proper smooth rigid analytic varieties over K, reproduces results from [Sch13a, Theorem 7.11]. In
[Bos23b], by using éh-topology, Guido Bosco showed it is also possible to work with non-smooth
rigid analytic varieties over an algebraically closed complete field C.

1.2. The pro-Kummer étale cohomology of Byr. This article computes the pro-Kummer étale
cohomology of Bygr for log-smooth rigid analytic varieties over a discretely valued field K, extending
the results of [Bos23a, Theorem 1.1.8].
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In algebraic geometry, for a given smooth algebraic variety X, we typically consider a compact-
ification X such that X — X is a strict normal crossing divisor. This setup allows X to carry a
natural log structure that is log-smooth, thereby reducing many problems to the proper case where
cohomology theory behaves more predictably. However, in rigid analytic geometry, compactify-
ing a rigid analytic variety is generally not feasible (while it can be done in the category of adic
spaces, the resulting space no longer remains a rigid analytic variety, introducing new complica-
tions). This is why, in [DLLZ23a], the authors restrict themselves considering almost proper rigid
analytic varieties, which can be associated with a smooth proper rigid analytic variety endowed
with a well-behaved log structure after resolution of singularities.

To extend the known comparison theorems for rigid analytic varieties, it is natural to introduce
log structures on general (not necessarily proper) rigid analytic varieties. For pro-étale cohomology,
recent works by Pierre Colmez, Gabriel Dospinescu, and Wiestawa Niziot [CN17], [CDN20], [CN20],
[CN25] provide a detailed description of the pro-étale cohomology for smooth rigid analytic varieties,
thanks to the comparison with syntomic cohomology. However, for non-quasi-compact rigid analytic
varieties, computing étale cohomology remains challenging. By equipping a quasi-compact rigid
analytic variety with a log structure derived from a strict normal crossing divisor, we can apply
results on pro-étale cohomology to compute the étale cohomology of the trivial locus, which is
itself not quasi-compact. Further exploration in log geometry, therefore, holds potential to clarify
significant aspects of the étale cohomology of rigid analytic varieties.

The main theorem of this part is as follows (see Theorem 4.6 for a more general statement).

Theorem 1.2. Let X be a log smooth rigid analytic variety defined over K with fine saturated
log-structure. Define

RDlogdr (X Bag) = RU(X, Q% @ Bag).
(i) We have a Yy -equivariant, compatible with filtrations, natural isomorphisms in D(Mod$™?):
RIproket (X, Bar) >~ RlogdR (X Byg )-

(ii) Assume X is connected and paracompact. Then, for each r € Z, we have a Yk -equivariant
natural quasi-isomorphism in D(Mod$e™?):

RT proket (X, Fil' Bar) ~ Fil” (RTjogar (X) @=® Bar),

where RTogdr (X) is the condensed log de Rham cohomology complex in D(Mod$2™?) (see Definition
2.1).

This result generalizes [Bos23a, Theorem 1.1.8]. By comparing these two results, we can relate
the pro-Kummer étale cohomology and the pro-étale cohomology of Bqr when the log-structure of
X is coming from a strictly normal crossing divisor.

Corollary 1.3. Let X be a smooth rigid analytic variety over K, D C X be a strictly normal
crossing divisor, and U = X — D. Endow X with the log-structure coming from D. Then we have
a (non filtered!) natural quasi-isomorphism in D(Modend):

RFprokét (Xc, IEBdR) = Rrproét (U07 IB3dR) .

It is unclear whether this corollary can be proved directly, as computations for Kummer (pro-
)Jétale cohomology typically require case-by-case treatment. For instance, if X is quasi-compact
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and D C X is a strictly normal crossing divisor, and U = X — D. We then have
Rrprokét (XC, Qp) = RF@(XCW Qp) = Rréj(Uou Qp)7

which follows from [DLLZ23b, Corollary 6.3.4]. Note that RI'¢(Uc,Qp) # RI'prest(Uc, @p) in
general. For example, when U = Al, H} (AL,Q,) = 0 but H!

proét(Aé, Qp) is very large, as indicated
by the main theorem of [CDN20].

1.3. Geometric B(J{R-cohomology and comparison theorem. Now let X be a log smooth
rigid analytic variety over C'. Since the algebra B;{R lacks a natural C-structure, establishing a
meaningful comparison theorem between the log de Rham cohomology and the Kummer étale
cohomology necessitates the introduction of a new cohomology theory, RI’ B, (X). This theory
R
serves as a deformation of log de Rham cohomology via the map B(TR — C.
For rigid analytic varieties without log structures, various approaches have been proposed to
construct geometric BOTR-cohomology theories. For example:
e In [BMS18], Bhargav Bhatt, Matthew Morrow, and Peter Scholze introduce RI'¢yis(X/ B;R)
using the concept of “very small objects.”
e In [Guo21], Haoyang Guo constructs RI'(X/Yins, Ox/x, ;) by studying the infinitesimal site
over B:{R.
e In [CN25], Pierre Colmez and Wiestawa Niziot define RI'qg (X/Bjjy) via local semistable
formal models of X.
Notably, all these definitions are shown to be equivalent by [CN25, Proposition 3.27]. In [Bos23b],
by using the Lng-functor, Guido Bosco introduces RI' 5+ (X) via period sheaves, and proves that
dR
it agrees with the geometric B:R—cohomology.
In this article, we adopt Bosco’s approach to define RI’ B, (X), as we believe it provides the
most direct framework for defining logarithmic BgR—cohomology with minimal prerequisites. After
establishing such a theory, we will prove the following comparison theorem.

Theorem 1.4. Let X be a proper log smooth rigid analytic varieties over C. Then there are
cohomology groups Hgi (X)) which come with a canonical filtered isomorphism
R

Hﬁét(X, @p) Qq, Bigr >~ H; (X) ®B§R Bgr.

+
dR
When X comes from Xg over a discretely valued field K, this isomorphism agrees with the compar-
ison isomorphism (see [DLLZ23a, Theorem 1.1])

Hi(X,Qp) ®q, Bar ~ Hiypar(X0) ®k Bar,
under a canonical identification
;IR(X) = H}qr(X0) ®x By
Moreover, Hfgng(X/B&FR) is a finite free Bi,-module, and we have
(i) The Hodge—de Rham spectral sequence
EY = HI (X, Q") = H !0 (X)

degenerates at E.
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(i) The Hodge—Tate spectral sequence
Ey = HI (X, Q") (—j) = H, ) (X, Q,) ®g, C
degenerates at Es.

These results serve as an initial step toward the study of rational p-adic Hodge theory for log-
arithmic rigid analytic varieties. In fact, we can define the syntomic cohomology for logarithmic
rigid analytic varieties by adopting a similar framework. We will explore these ideas in detail in a
forthcoming paper [Sha25b].

Acknowledgments. The author would like to sincerely thank his thesis advisor, Wiestawa Niziol,
for her insightful discussions, and for posing key questions that shaped this article. He thanks the
anonymous referees, as well as the paper reviewers Johannes Anschiitz and Federico Binda, for
their numerous valuable comments, which have greatly improved the readability and rigor of the
manuscript. The author also wishes to thank Ben Heuer for useful discussions. The article is part
of the author’s Ph.D. thesis, which has been defended at Sorbonne Université, within the Institut
de mathématiques de Jussieu — Paris Rive Gauche.

Notation and conventions. In this article, We freely use the language of condensed mathematics
as developed in [CS19]. To avoid set-theoretic issues, we fix an uncountable strong limit cardinal
x, which means & is uncountable and for all A < k, also 2* < k. For sheaves valued in condensed
abelian groups, we refer the reader to [Bos23a] for notations and properties used in this article. In
particular, here are some notations that are used in this article:

e We denote by CondAb the category of condensed abelian groups. For a discretely valued
field K, we denote by Mod‘}?nd and Modi?lid the category of condensed K-vector spaces and
the category of solid K-vector spaces, respectively.

e For a topological abelian group 7', we can associate T" with a condensed abelian group T
as follows: for any profinite group S, we define T'(S) := €¢(S,T) the set of continuous
maps from S to T'. Conversely, for a condensed abelian group A, we denote by A(x) the
underlying abelian group of A.

e The above construction allows us to relate a sheaf F of topological abelian groups over a
topological space X with a sheaf F, by sending any open U C X to F(U) := F(U).

e For 7 = ét or proét, and an analytic adic space X, we can define the site X conq to retaining
the information captured by profinite sets, see [Bos23a, 2.3].

We adopt the language of adic spaces as developed in [Hub96]. A rigid analytic variety is defined
as a quasi-separated adic space locally of finite type over Spa(L,Or) for a p-adic field L. All rigid
analytic spaces considered will be over K or C'. We assume all rigid analytic varieties are separated,
taut, and countable at infinity. We denote by Smy, the category of smooth rigid analytic varieties
(or smooth dagger varieties) over L. Moreover, we always assume analytic adic spaces are k-small,
meaning the cardinality of their underlying topological spaces is less than k.

If A is an abelian category, unless stated otherwise, we always work with derived stable oo-
category D(A).

We also use the theory of log adic space. For definitions and properties of log adic space, we refer
the reader to [DLLZ23b]. A (pre) log-structure on a condensed ring is simply a (pre)log-structure
on the underlying ring.
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2. LOGARITHMIC DE RHAM COHOMOLOGY

In this section, we study the de Rham cohomology for logarithmic rigid analytic varieties. We
will show that most of the known results continue to hold in the condensed mathematics setting.

Suppose X is a log smooth rigid analytic varieties over L = K or C, i.e. an analytic fs log
adic space which is locally of finite type over Spa(L,Opr). Recall that in [DLLZ23b, Construction
3.3.2], one has logarithmic differential étale sheaf Q;log (also denote by Ql)(;g), locally defined by
the universal objects of derivations. When X is log smooth, by [DLLZ23b, Lemma 3.3.15] leog is
locally free of finite rank. For any i > 1, let QfX’log = /\Z Q;log.

For any affinoid étale morphism U — X, Ql)gog(U ) is a finite Oy (U)-module, therefore it has a
natural structure of K-Banach space. This leads to the following definition.

Definition 2.1. Suppose X is a log smooth rigid analytic varieties over L, the logarithmic de
Rham cohomology of X is defined to be

RTjogar (X) := RT (X, Qggog)

in D(Mod$nd).
Recall that the usual de Rham cohomology for log rigid analytic varieties is defined by
RIjogar (X) := RT (X, Qggog) .

When X is log smooth and proper, Hfong(X ) is finite dimensional and carries a natural topology,
therefore the structure of RI'ogqr(X) is simple.

Lemma 2.2. Suppose X 1is log smooth and proper, then we have

leéng(X) = Hﬂ)ng(X)

for all i > 0.
Proof. The proof of [Bos23a, Lemma 5.11] goes through. O

We are mainly interested in the case where the log structure of X comes from a strictly normal
crossing divisor D C X. Following [Gro66], [Kie67] and [Del70], we give the following definition.

Definition 2.3. Suppose X is a smooth rigid analytic variety over L, D C X is a strictly normal
crossing divisor, and U = X — D. Let ¢ > 1.

(i) We define Q% (+D) to be the differential i-forms on X with meromorphic poles along D. In
other words, let _# be the ideal sheaf associated to the closed immersion D — X, then

Q% (xD) := @Homox(/",ﬂ&).

(ii) We define Q% (log D) to be the differential i-forms on X with logarithmic poles along D. In
other words, Q% (log D) contains the elements w of Q% (xD) such that w and dw have a pole of
order at most 1.

We can also give a local description of the structure of Qfx(log D). By the existence of tubular
neighborhood, [Kie67, Theorem 1.18], locally under the analytic topology X can be written as
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V :=Sp(A(z1,...,z4)), and D is defined by the equation z; - - - 24 = 0, where A is a smooth affinoid
L-algebra. Therefore, Q% (log D)(V') is generated by forms

w- (zgy - -xiq)_ldazil cdwg,
forwGQi‘_qand1§i1<~-<z’q§d.
Lemma 2.4. We have natural isomorphisms
Q5% = Q (log D),
for each i > 1, where the log-structure of X is given by the open immersion U — X.

Proof. We can check the lemma locally. By base change, we may assume V = Sp(L (x1,...,x4)) as
above, and D is defined by the equation x; ---z4 = 0, and the log-structure of V' is defined by the
open immersion V — D — V. We need to construct a natural isomorphism

QYE(V) 5 O (log D)(V).
According to [DLLZ23b, Proposition 3.2.25] (taking P = @ and Q = Z%, = @, Z>¢e;), we have

d
Q;élog(v) ~ @L <x1, ...,$d> €;.
=1

We can then construct the natural isomorphism Qi;log(V) = Q% (log D)(V) by sending e; to z; Yda;.
This concludes the proof, as the construction of the above map is independent of the representation
of the tubular neighborhood. O

Now we endow X with the log-structure defined by the open immersion U — X. Since X is log
smooth (e.g. see [DLLZ23b, Example 3.1.13]), Q% (log D) is a coherent sheaf, therefore has a natural
structure of sheaves of K-Banach spaces, and we have a natural condensed sheaf of Ox-modules
Q% (log D).

Choose a basis B of X, consisting of objects of the form V = Sp(A (z1,...,z4)) as above, and
endow

Q (xD)(V) = limg Homo, (7", ¥ )(V)

with the direct limit topology. Then Q% (xD) is a sheaf of topological abelian groups on B. We
denote by Q% (*D) the condensed sheaf associated to Q% (*D).

Lemma 2.5. We have ' ‘
O (xD) ~ liﬂ?—[om@x(/n?QfX)'

Remark 2.6. This lemma does not hold automatically, as the condensification functor does not
commute with colimits in general.

Proof. Denote by A
Fn i=Homo, (", Q%).
By definition, we need to show the natural morphism

lig F,, — lim F;, = Q% (+D)
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is an isomorphism. To see this, by [BS15, Lemma 4.3.7], it suffices to show for a basis B of X
consisting of objects of the form V' = Sp(A(z1,...,24)) as above, Fn(V) — Fpi1(V) is a closed
immersion. Since the sheaf of ideal _# is generated by x1---x4 = 0, and € is locally free of
finite rank, by shrinking V' (refining B) and base change we are reduced to showing the map of
topological abelian groups
Ly, .. xq) =24 Tz, ..., xq)

is a closed immersion, which is easy to check: in fact, if f € L (x1,...,x24) is not in the ideal
(x1---24), then for N suffices large, f +pVOr (w1, ...,xq) N (21 ---14) = @. O

Remark 2.7. In fact, denote the open immersion U — X by j, it is easy to see that we have
inclusions

O (log D)(V) = Qx («D)(V) <= 5. Qp (V)

of topological abelian groups, by checking their sections.

We want to compare the hypercohomology of Q% (log D) and the de Rham cohomology of U.
This leads to the following theorem.

Theorem 2.8. [Kie67, Theorem 2.3] Suppose X is a smooth rigid analytic varieties over L, D C
X is a strictly normal crossing divisor, and U = X — D. Then we have (non-filtered) quasi-
isomorphisms in D(Mod$°™?):

RI'(X, Q% (log D)) = RI(X, Q% (*D)) = RIgr(U).

Proof. Take V = Sp(A (x1, ...,z4)) as above, define
Ve :={v € V such that |z;(v)| <1,...,|zq(v)| < 1}.
Consider the natural maps
0% (log D)(V°) = Q% (+xD)(V°) = j.Qp(V°),

where j is the open immersion j : U < X. In [Kie67, Theorem 2.3], Kiehl constructed maps
Res : j.Qp(V°) = Q% (log D)(V°) and 0 : Q0 (V°) = 7.Q7,(V°), and showed that 7os and Res or
are both homotopy equivalences given by 9. Therefore, to show the same is true for condensed
cohomology groups, it is enough for us to check that s,r, 0 and Res are continuous, as we can lift
continuous maps between topological groups to their condensifications in a natural way. According

to the previous remark, it suffices to show that the maps Res and 9 are continuous, which follows
from the explicitly construction of [Kie67, Theorem 2.3]. This concludes the proof. O

This theorem also allows us to describe the logarithmic de Rham cohomology for Stein varieties
with log-structures. We begin with the following lemma.

Lemma 2.9. [GKO04, Corollary 3.2] Let X be a smooth Stein variety over L, D C X is a strictly
normal crossing divisor, let U = X — D. Endow X with the compactifying log-structure given by
the open immersion U — X. Then for each i > 0, the image of the differential d : Q;l’log(X) —

O%°8(X) is a closed sub-space of closed images Q5°%(X).

Proof. The proof of [GK04, Corollary 3.2] goes through by using Theorem 2.8, [GK04, Theorem
3.1], and the fact that Qgﬁog are coherent sheaves over X for all ¢ > 0. O
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‘With the notations in the above lemma, for X a smooth Stein variety, endowing Qilos(X)4=0
Qo8 (X) with the subspace topology, and Hjoqr(X) = Qilog(X)4=0 /qQi—blog( X) with the induced
quotient topology, we have

Proposition 2.10. [Bos23a, Lemma 5.13] With the above notations, for all i > 0, we have
Higar (X) = Hipgqr (X) = QV8(X) =0 /d" 118 (X)),

Proof. Since Q51°8(X)4=0 4Qi-Llog(X) and Hfong(X ) are all L-Fréchet spaces, this proposition
follows from [Bos23a, Lemma 5.9] and [Bos23a, Lemma A.33]. O

3. PERIOD SHEAVES

We review the definition of period sheaves for log adic space and their local properties, which
follow from [DLLZ23a].
Suppose X is an analytic fs log adic space over Spa(Qy, Z,).

3.1. Definitions. We begin with the basic definition.

Definition 3.1. The following are defined to be sheaves on X o4t (see [DLLZ23Db, Definition 5.1.2]
for the definition):

(i) We define Ay := W(@;b

prokét

) and By := Ajur [1/p], where the latter is equipped with a

natural map 0 : Bius — 9] X prokét -

(ii) We define the positive de Rham sheaf B}, := lim,en Bing,x /(ker 6)™ with filtration given by
Fil"' Bl := (ker 6)"B;.

(iii) We define the de Rham sheaf Bqg := Bl [1/¢], where ¢ is a generator of Fil' B};. The
filtration of Byr is given by Fil" Bar := > ez, 50t 7 (ker 0)" B,

The following proposition shows that pro-Kummer étale locally these period sheaves are given
by the relative period rings.

Proposition 3.2. [DLLZ23a, Proposition 2.2.4] Suppose U € Xporet is a log affinoid perfectoid
object with associated perfectoid space U = Spa(R, R") (see [DLLZ23b, Remark 5.3.5] for the
definition), then

(i) For F € {@Jr,@b’+,Ainf,Einf,B§R,BdR}, we have F(U) = F(R,R").

(ii) H1(U,BJg) = 0 and HI(U,Bqr) = 0 for j > 0.

All these period rings carry a natural condensed sheaf structure defined as follows: For a given
X an analytic log adic space over Spa(C,O¢) and F € {(5“‘, Ob’—i_,Ainf,Binf,Bz{R,BdR}, denote B
the basis of Xoks consisting of log affinoid perfectoid objects U € Xproket, then for any U € B,
F(U) carry a natural structure of topological abelian groups, by giving (5+(U ) the p-adic topology,
and endowing all other period sheaves with induced topology, as explained in [Sch13a, Corollary
6.6]. We can then associate to F a condensed abelian sheaf F on X oket, such that F(U) = F(U)
for all log affinoid perfectoid objects U € B.

We pass now to condensed pro-Kummer étale cohomology. We begin with the definition of
condensed pro-Kummer étale cohomology.
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Definition 3.3. Let X be an analytic log adic space over Spa(Qp,Zy). Denote by *,_pro¢t the site
of k-small profinite sets with coverings given by finite families of jointly surjective maps. There is
a natural morphism of sites

Jeond : Xprokét — ¥ —proét
defined by sending a profinite set S to X x S € X okt- Let F be a sheaf of abelian groups on
Xprokét, the condensed pro-Kummer étale cohomology of F is then defined by

RFprokét(Xa f) = Rfcond,*f-
Denote by Hérokét (X, F) := R feonaxF its i-th cohomology group valued in CondAb.

Remark 3.4. When X is an analytic log adic space over Spa(C,Oc¢), denote by f : Xprokst —
Spa(C, O¢)pro¢t the morphism of sites, then the above definition coincides with the derived push-
forward of f, i.e. we have RT pokst (X, F) = RfsF.

Proposition 3.5. Let X be an analytic log adic space over Spa(C, O¢) and F € {@“‘, (5b’+, Ase, Bint,
IB%ji'R,]B%dR}. For any log affinoid perfectoid object U € B and profinite set S € *,_prost, we have

FU x 8) =€°(S, FU)).

In particular, we have . '
Izarokét(U7 F ) = ;Z)rokét(U7 £)

for all i > 0.
Proof. The proof of [Sch13a, Corollary 6.6] or [Bos23a, Corollary 4.9] goes through. O

Now let X be a locally noetherian fs log adic space over Spa(K,Ok). We recall the definition
of OBgR,log, a log version of the geometric de Rham period sheaf OB4qr. Those notations and
properties will be used in the following sections.

Let U = limje; U; € Xprokst be a log affinoid perfectoid object with U; = (Spa(R;, Rj),/\/li, a;)
for each ¢ € I and the associated perfectoid space U= Spa(Rx, RL), where (R, RY) is the
p-adic completion of colim;er(R;, R;”), which is perfectoid. For each i € I, write M; := M;(U;).
By [DLLZ23b, Theorem 5.4.3], (O(U),0"(U)) = (Roo, RL), and the tilt of (O(U), O (U)) is
(R%F,R%). Define M := Mx . (U) = limje; M, M” := My,  (U) = limgyer M, and o

prokét
M" — O the induced map.

prokét

Definition 3.6. (i) The period sheaf OB log 15 defined to be the sheaf associated to the presheaf

R NAker Qlog
U+ limg (R @wyAint (U)) [1/p] ]
icl

o

Ozb(mb)]’ (ml,mg) e M; Xy ]\4|7

Here & is the p-adic completion of the tensor product, [ab(m")] is obtained by the multiplicative
map
R = W(R™)[1/p]/€" < f = [f]
induced by R** — W(R*), for each > 1, and
(67 (mz)

W’ (miymﬁ) € M; Xy Mb] — Roo

blog (R Sy sy sns(U) [1/7] [
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al(mz)

———=— ] =1 for an

[MWQ '

m;, m?) € M; x; MP. In above “Akerg,.. means the completion with respect to the ker 8)y.-adic
) ? log g

is induced by the map R;r — R, 0 : Ayne(U) — RZL such that 6, (

topology, and we take the direct limit after the completion. We equip C’)IB%?{R log with the filtration
Fil" OBy |, = (ker o) OB |-
(i) The period sheaf OBgR og is the completion of the sheaf OIBBIR log [1/t] with respect to the

filtration defined by Fil" O]B%:{R’log (1/t] =3 iczrii>0 t=7 (ker Glog)TJ“jOIB%:{RJOg.

There is a natural log connection

. + + log
Vi OBjR 10 = OBiR 10g ®0Ox Qy

prokét

on (’)IBSIR which is defined as follows: By abuse of notation, we still denote by Ql)cgg the pullback of

log differential sheaf Ql)(;g along the morphism of sites Xpoket — X¢t, and we may write OIB%XR’I o g(U )
as
OB g (U) = lim S; = lim lim (S / (er G1og)*)-
7 el i€l rs

Here
—~ (673 (mz)
Si r = R+ Ain U )1 —_—,
= (R By (i O)/€7) 1] |05

and S; := lim, ,(Sir/(ker O1og)®). Then there is a unique B (U) /& -linear log connection

(ml,m?) e M; X ]\4b R

Vir : Sip — Sir QR; Ql)(;g(Ui)
extending derivations d : R; — Ql)cgg(Ui) and § : M; — Ql)?g(Ul-) such that
az(ml) al(mz)
Vi = 0
() = o
for any (m;, mE) € M; xp; M”. Then the definition of Vi, gives
Vi (ker flo5)*) C (kerO1og)* ' @, V5 (1)

for all s > 1. Then the IB%:{R—linear log connection
. ORT + log
V : OBdR,log - OEdRJOg ®0Xprokét QX
is obtained by taking
NAker
Vo— hﬂ@ (vzl; Glog) .
el v
By inverting ¢, V further extends to a Bggr-linear log connection
1
V : OBar log = OBdRlog @0y, Pl
satisfying
. p— 1
V (Fil" OByR,log) C (Fil" ™ OB4R 1og) @0 O

prokét

for all r € Z.
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3.2. Local study of Bgr and OBggro.. We briefly discuss the local properties of Bgr and
OBgR,log, as studied in [DLLZ23a, 2.3]. Let P be a toric monoid (i.e. a fs sharp monoid). Denote
by

E := Spa(K(P), Ok (P))
with the log-structure induced by the natural map P — K(P). The log adic space E admits a

pro-Kummer étale cover as follows. For each m € Z~q, let —P be the toric monoid such that
m

1 1

P < —P can be identified with the multiple map [m] : P — P. Let Pgy., := colim,, <P> and
m = m

Py = (PQZO)gp ~ P8 ® Q. Denote by

oo {3 o (37)

1 1
equipped with the log-structure induced by —P — K{— P). The morphism E,, — E is a finite
m m

Kummer étale cover with Galois group
I, = Hom(P®, p, ),
where p,,, is the group of the m-th roots of unity in C'. Denote the log affinoid perfectoid object by

Ec = 11771111 IEm,C € IE’C,prokéta

1 1
where for m|m’, the transition maps are induced by —P < — P. Then we have the associated
m m

perfectoid space

~

Ec = Spa(C(Pos,), Oc(Pas,))-
The morphism IEC — E¢ is a Galois pro-finite Kummer étale cover with Galois group
I'= Hom(Pép/ng, Poo)s
where pto, := Umenpt,,- The natural action of the Galois group I' on O¢(Pyg.,) is given by
Y(T?) = ~y(a)T"
for all vy € I' and a € Py.,, where T is the corresponding element of a in Oc(FPy.,)-

Suppose X = Spa(R, R") is an affinoid fs log adic space of finite type over Spa(K,Of) with a
strictly étale morphism X — E, which can be written as a composite of rational embedding and

finite étale maps. Pulling back IEC — E along X — E, we get
Xo = X¢ xge Ec = Spa(Reo, RL),

which is a Galois pro-finite Kummer étale cover with Galois group I'.

Let Bar| g [[P’]] be the sheaf of monoid algebras. For a € P, denote by e” the image of a in
Bar |z, [[P]] via the natural map P — Bagr|g, [[P]] : @ — €®. Let m C Bagr|5_[P] be the sheaf of
ideals generated by {e* — 1},cp, and denote by

Balg, ([P — 1]] == lim(Bag . _[[P]}/m").

T
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Consider the monoid homomorphism (with respect to the additive structure on Bar|g [P — 1]])

oo

P — Bde}CHP —1]] : a — log(e?) := Z(—l)lfl%(ea — 1),
=1

which uniquely extends to a group homomorphism
P = Bag|, [P —1]] - a = ya = log(e”) — log(e" ),

where a = a™ —a~ for a™,a” € P. Choose a Z-basis {a1,...,a,} of P®P and for each j = 1,2,...,n,
denote by y; := ya;, then we have a canonical isomorphism of Byr| Xc—algebras:

Bar| g, [[Y1, -+ ynl] = Barlg, [P = 1] : yj = yj = va,

matching the ideals (y1,..,y,)" and (&, y1, .., yn)" of the source with the ideals m" and (£, m)" of the
target, respectively, for all r € Z.
Now, similar to [Sch13a, Proposition 6.10], we can give a local description of (’)IB%(J{R log* Re-

call that we denote by U = l'#rnie I Ui € Xprokét /)NCC a log affinoid perfectoid object with U; =

(Spa(R;, Rf), M;, a;). Denote by o+ M = limgyqr M — O the induced map. Consider the map

(note that the sheaf M”| %, is generated by Py, and lim x

lim, ., OXprokét‘ % therefore o’ (a) makes

sense)

(BIR(U)/€)[P] = Siy : € [sb(((;))]’ for all a € P,

which sends (§,m) to ker(fiog), so this map induces a map Byg| )?c“P —1]] = S;. After taking
completion and sheafification, we obtain a map

Birl [P — 1] = OBiR 105 (3.1)
on Xprokét /)?C The map is compatible with filtrations on both sides, where the filtration on
Bz % [P —1]] is given by Fil" Biglg [P —1]] :== (&, m)Big|5 [P — 1]] for all r € Z. We have
the following proposition.

% %

Proposition 3.7. [DLLZ23a, Proposition 2.3.15] The map (3.1) is an isomorphism of filtered
sheaves.

Remark 3.8. In fact, for U = lim,_, U; as above, the natural map S; — OB x 1og(U) is already
an isomorphism.

Remark 3.9. We can also describe the log connection of (’)IB%(J{R log using this isomorphism. In fact,

choose a Z-basis {a1,...,a,} of PP, write a; = af — a; for j =1,2,..,n, then y; = b;r —b; =

J
- a(bt a(b;
log (ea;‘r ) —log (eaj ) , and the isomorphism (3.1) sends y; to [ab(( bjj-))] _ [ab(( bjj—))] Therefore,

a(b)) al;) \ o
V(y;)) =V (W) -V <[ab(bj)]> = d(a)) — d(a;) = 8(ay).
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We note that, over X , the log connection of (’)IB%E{R log is compatible with the canonical one of the

polynomial algebra IB%dR|5{'c[[y1, <oy Yn]], since Ql)‘?g ~ @’ Oxd(a;) by [DLLZ23b, Theorem 3.3.17,
Corollary 3.3.18, Proposition 3.2.25, and Corollary 3.2.29].

Corollary 3.10. [DLLZ23b, Corollary 2.3.17] The isomorphism 5.1 induces isomorphisms
Fil" OB 1o = " Bip {Wi, ..., Wi}

over Xprokét/)?, for all r € Z. Here IB(';R{Wl, ey Wi} is the ring of power series that are t-adically
convergent, and

Wi =t""y
for each 1 < j <n. In particular,

gI‘T O]BdR,log ~ tT@X Wl, ceey Wn],

prokét [

for allr € Z.

The above discussion allows us to deduce the Poincaré lemma for OIB%Q’R log and OBgR jog With
log connections.

Proposition 3.11. [DLLZ23a, Corollary 2.4.2] Let X be a log smooth rigid analytic variety with a
fine log-structure defined over K of dimension n. Then, we have an exact sequence of sheaves on

Xprokét :
+ + v + log,1 V \% + log,n
0— By — (’)IB%dR’log — (’)]B%dRJOg Rox y" — - — (’)IB%dR’lOg ®oy 2y — 0.

The exact sequence of sheaves also holds when we replace IB%(J{R and (’)IB%:{R log with Bar and OBgR log
respectively. For r € Z we also have compatible exact sequences of sheaves on Xproket -

0 — Fil’ Bar — Fil” OBgr.i0g ~— (FilI' ™' OBgr.10g) R0 QBT 5 -+ Y (Fil" ™" OByg 1og ) ®0 208"

4. THE PRO-KUMMER ETALE COHOMOLOGY OF IEB;R AND Bgr

We will establish an analog version of [Bos23a, Theorem 1.8] for log adic spaces. Moreover, we
will also construct a fully faithful functor from the category of filtered Ox-modules with integrable
connections to the category of Byr-local systems, thereby generalizing [Sch13a, Theorem 7.6].

We start with the definition of local systems for log adic spaces. Let X be a log smooth rigid
analytic variety over K, equipped with a fine log structure.

Definition 4.1. (i) A IB%:{R—local system is a sheaf of IB%XR—module M that is locally on Xprokét free
of finite rank.

(ii) An (’)IB%XRJOg—module with integrable log connection is a sheaf of OB&LR’lOg—module M that is
locally on X0kt free of finite rank, together with an integrable log connection

Vm:M—= MRoy, Ql)(}g,

satisfying the Leibniz rule with respect to the derivation V of (’)IB%;;R log*

— 0.
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Theorem 4.2. The functor
+ — (it + :
M* 5 (M, V) i= (M¥ @5t OB, id @)

gives an equivalence between the category of B&LR—local systems and the category of (’)IB%;R log—modules

with integrable log connection. The inverse is given by (M, V ) — MT = (M)VMZO.

Proof. 1t is clear that for a IB%;FR—Iocal system MT,

v
+ + _
(M Opt OEdR,log) =M.

We need to show that for (M, V) a OIB%;{R log—module with integrable log connection, the natural
morphism
V=0 + ~
(M)V M ®BjR OBdR,log = M,

is an isomorphism. The problem is local, so we can use Proposition 3.7 and reduce to the case that
X = Spa(R, R") — E is a strictly étale morphism, which can be written as a composite of rational
embedding and finite étale maps. Now suppose M is a locally free BIR(ROO)[[yl, <oy YnJ]-module
with an integrable log connection Vs, using Remark 3.9 and [Kat70, Proposition 8.9], we have
M ~ MV=0 DBt (R) B (R*)[[y1, .., yn)], which concludes the proof. O

Definition 4.3. [Sch13a, Definition 7.4 and Definition 7.5] (i) A filtered O x-module with integrable
log connection is a locally free Ox-module £ on X (with étale, pro-étale or analytic topology, since
they are all equivalent), together with a separated and exhaustive decreasing filtration {Fil" £},.¢7,
by locally direct summands, and an integrable log connection V satisfying the Griffiths transver-
sality.

(ii) We say € and an (’)IB%:{R’lOg—module with integrable log connection M are associated if there
is an isomorphism of sheaves on Xj,;okst

M ®ost, o OBgR,log =~ € @0y OByR,log;

compatible with filtrations and connections, where the filtration on the left side is the one compat-
ible with that on OBgR 1og, i-€.,

-] e 7T .] puliy

Theorem 4.4. (i) If M is an (’)IB%IR 10g—m0dule with integrable log connection and horizontal section
M, which is associated to a filtered Ox-module with integrable connection €, then

Mt = Fﬂo(g Rox OBdR,log)V70

Stmilarly, one can reconstruct £ by
Est ™ Uy (M+ ®le_R OIB%dRJOg) s

with log connection induced by the one on OB4g log, filtration induced by the one on MT and
OBgR,10g- Here v is the morphism of site Xproker — Xes-
(i) If € is an Ox-module with integrable log connection, the sheaf

Mt = Fil’(€ ®0, OBgr.iog)” "
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s a ]BIR—local system such that € is associated to M = M™T ®B$R OB4R,log-

In particular, the functor sending £ to M is a fully faithful functor from the category of filtered
Ox -module with integrable log connection to the category of ]B%;R—local systems.

Proof. The proof goes as the same way as the proof of [Sch13a, Theorem 7.6], by replacing OBgr
with OBR j0g and Qx with Q'2%. O

Definition 4.5. Let X be a log smooth rigid-analytic variety over K with fine log-structure. Let
(€,V,Fil*) be a filtered Ox-module with integrable log connection. We define the log de Rham
complex associated to (€,V) by

logdR% := [8 Y E®oy QB Y, £00, 82 Y, } .
We equip logdR% with the filtration given by
Fil" logdR% := [FilTS YR E 0o, Q%' LRI 2E @0, 02 Y, }

for r € Z.
(i) For ¢ > 0, the condensed de Rham cohomology group Hf'ong(X , &) with coefficient is defined

to be the i-th cohomology group of the complex
RTogar (X, €) := RT(X, logdR% )
of D(Mod$end).
(ii) We define the complex in D(Mod$e™?)
RTlogdR (XBag» €) 1= RI(X, logdR @ Buar),
and we endow it with the filtration induced from the tensor product filtration.
We will prove the following theorem.

Theorem 4.6. Let X be a log smooth rigid analytic variety defined over K with fine saturated
log-structure. Let (£,V,Fil®) be a filtered Ox-module with integrable log connection with associated
B -local system M. Denote by M := MT[1/t].

(i) We have a Yx -equivariant, compatible with filtrations, natural quasi-isomorphism in D(Mod%’“d):

RI'prokst (X, M) o~ RIogdr (X Byg» €)-
(ii) Assume X is connected and paracompact. Then, for each r € Z, we have a natural Yy -
equivariant quasi-isomorphisms in D(Mod$e™?)
RT proket (X, Fil” M) =~ Fil" (RTj0gar (X, €) @ Bar),

where RTjogar(X) is the log de Rham cohomology complex in D(Mod2™), and the filtration is
induced by the tensor product filtration.

To prove the theorem, we need the following proposition, which comes from the local study of
Bar and OBgg jog, as in Section 3 and we follow the notations there. Suppose that X = Spa(R, R™)
is an affinoid fs log adic space of finite type over Spa(K, Ok ) with a strictly étale morphism X — E,
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which can be written as a composite of rational embeddings and finite étale maps. Pulling back

IEC — E¢ along X — E, we get

XC’ = XC X]EC INEC = Spa(Roo, R;),
which is a perfectoid log affinoid adic space.

Proposition 4.7. [Bos23a, Lemma 6.11] Suppose S € *, prost, then we have

; : (S, ROk C(j)) ifi=0
Hp okt (Xo xS, gr! OBgR jog) = {0 ifi>0°

where C(j) is the Tate twist of degree j for any j € Z.
Proof. By twisting we can reduce to the case j = 0. When S = x, this is [DLLZ23a, Lemma

3.3.15]. For the general case, since IEC — E¢ is a Galois pro-finite Kummer étale cover with
Galois group I', the Cartan—Leray spectral sequence associated to the affinoid perfectoid I'-cover
)~(C x S — X¢c x S, combined with the vanishing theorem for gr® OBgRr,l0g (by Proposition 3.2 and
Proposition 3.5) gives

H}irokét (XC X S? gro OBdR,lOg) = Hciont (F’ grO OBdRJOg (XC X S))

for i > 0. Note that X¢ x S = Spa(%°(S, Re), €°(S, RY,)). The proofs of [LZ17] and [DLLZ23a,
Lemma 3.3.15] give H[z)rokét(XC x S, grf OBgR,log) = 0 for i > 0 and

H kst (Xc x S, g1° OBag 10g) = €°(S, R)®x C.

The proposition then follows from the fact that €°(S, R)&xC ~ €°(S, R&xC), which follows from
[PGS10, Corollary 10.5.4]. O

Proposition 4.8. Let X be a log smooth rigid analytic variety defined over K with fine log-
structure. Let (€,V,Fil*) be a filtered Ox-module with integrable log connection with associated
B g -local system MIT := Fil’(£ ®oy OBarog)V =", and M = MT[1/t]. Denote by A\ the morphism
of sites

Xprokét/XC = XC’,prokét — XC’,ét,cond-

Then, we have a natural quasi-isomorphism of complexes of sheaves valued in D(Mod‘}?nd) on Xcet:
(RAM)Y ~ logdR% @} Bar,

where the notation (—)Y is define in [Bos23a, 2.3]. Moreover, the quasi-isomorphism is compatible
with filtrations, where the filtration on the right side is given by the tensor product filtration.

Proof. Suppose X is of dimension n and connected. Denote by M the O]B%IR 1Og—m0dule with
integrable log connection associated to (€, V,Fil®) , and

. ~
M =M ®OIB%3’R g OIB%dR’lOg ~ & Rox OBdR,log-
The logarithmic Poincaré lemma gives an exact sequence of sheaves on X¢ prokét:

05 Mo M D Mo, 828 Yo Y M g, Q%" 0,
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which is also exact after taking Fil” again by the logarithmic Poincaré lemma:
0= FI' M’ — Fil' M 5 (Rl M) o, O B o0 B (Bl M) o " = 0.
Therefore, we have a natural quasi-isomorphism between (RA\.M)Y and
v
C* = RA M D M @0, O T T M o, 03]

which is compatible with filtrations.
We claim we have a natural filtered quasi-isomorphism

logdR%, @% Bar = C° (4.1)

of complexes of sheaves on X¢ 4 (as explained in the Lemma 2.5 of [LZ17], we can regard them as
sheaves over X¢¢4). To construct this morphism, it suffices to define a natural morphism Ox ®[.(
Bar — (AOBgr1og)" of sheaves on Xc ¢, which is compatible with filtration. This is already
constructed in the proof of [Bos23a, Corollary 6.12] (also in [LZ17, Lemma 3.7] and [DLLZ23a,
Lemma 3.3.2]), by noting that the pushforward of OBgg 1og along the natural morphism of sites
X¢ prokét = X0 prost 18 OBgR.-

As explained in [Bos23a, Corollary 6.12], since the filtrations on longi @W Bgr and C* are
exhaustive and complete, by [BMS19, Lemma 5.2], it suffices to show the natural morphism (4.1)
is a quasi-isomorphism on graded pieces, which means that for any r € Z, we have a natural
isomorphism

gr’ (longi @W Bar) — g1’ C*
on Xcg¢t. Since (4.1) is a filtered morphism, it suffices to show that for any locally free O x-module
F on Xg of finite rank, we have a natural quasi-isomorphism

£®[.( gri BdR i) R)\* (V*.F ®(9X grj OBdR,log)'

on Xcgt, for any r € Z, where v : Xjo¢t — Xg- Then we can apply the claim to the complex of

1 .
sheaves £ ®p, 2 )‘}g". Write A 1 X¢ prokét —+ X ét,cond @S

>\l

X0 prokét — X proct — X0 ét.conds

and write v as
Xprokét — Xproét ﬁ_> Xét-
According to the proof of [Bos23a, Corollary 6.12], we have a natural quasi-isomorphism
F oM o) Bar = RN, (V*F @0y g1’ OBag)"
on Xcg, for any j € Z. Therefore, it suffices to show that we have a natural quasi-isomorphism
RN, (V*F @0y g1! OB4r) — RA\. (V' F ®0, gt/ OB4R 1og)

on X¢ pro¢t, for any j € Z. Since F is locally free, it suffices to show that

RA, (g7 OB4r) — R« g1’/ OByR 1og

is an isomorphism for any j € Z, which follows from [L.Z17, Lemma 3.7] and [DLLZ23a, Lemma
3.3.2]. O

Now we can prove Theorem 4.6.



ON THE PRO-KUMMER ETALE COHOMOLOGY OF Bgr 19
Proof of theorem 4.6. The morphism of sites A : X¢ prokét — X ét,cond factors as
A1 X prokét S X prokét,cond = XC,ét,cond-
We have
R prokét (X, M) = RD prokeét,cond (X RptnM) = Rl ¢t cona(Xo, RAM) =~ R (Xc, (RAM)Y).

Let € : X4 — Xg; be the base change morphism, then the above property, combined with [Bos23a,
Lemma 5.6] and [Bos23a, Lemma 6.13], gives

RT proket (X0, M) ~ Rg (X, Re. (RAM)) ~ RI¢ (X, logdRS, @ Bar),

which conclude the proof of (i).
For the second part, it suffices to show that the natural morphism

Fil" (RT1ogar (X, €) @™ Bar) — RI(X, Fil" (X, logdRE, @ Bar)) = RD proket (Xc, Fil M)

is a quasi-isomorphism. This follows from [Bos23a, Theorem 5.20], by applying it to each Fil’ RIogar (X, € )®f('
Fil/ Byg for i 4+ j = r, and noting that RI'(X, —) commutes with filtered colimits. O

Remark 4.9. If X is a quasi-compact smooth rigid analytic varieties over K, we have a Y-
equivariant, compatible with filtrations, natural isomorphismsin D(Mod‘j?nd):

RT prokét (X, M) ~ colimjen RE proket (X e, Fil ™7 M)
~ colimjen Fil ™ (R 1ogar (X, €) 24 Byr)
~ RIjogar (X, €) @™ Bag.
The first isomorphism follows from the fact that the site Xpokst is coherent, see [DLLZ23b, Propo-

sition 5.1.5]. The second one is the above theorem. The last one follows from the fact that ®f('

commutes with filtered colimits, and filtered colimits are exact in D(Mod$2"?), as Mod$2"? satisfies
Grothendieck’s axiom (AB5).

Remark 4.10. This theorem allows us to compare the pro-étale cohomology and pro-Kummer
étale cohomology of period sheaves. Suppose that X is a smooth rigid analytic varieties over K,
D C X is a strictly normal crossing divisor, and U = X — D. Endow X with the log-structure
coming from D. Then the canonical morphism

RT proket (X, M) =5 RT proet (U, M)

is a (non filtered) quasi-isomorphism in D(Mod$"). To see this, we use Theorem 4.6, [Bos23a,
Theorem 6.5] and Theorem 2.8 (which deduces an isomorphism logdR§ ~ dR¥,).

Remark 4.11. One can define filtered Ox, -modules with integrable connections over Xy in
the same way, leading to analogous results. In fact, by [DLLZ23b, Definition 4.3.6], a coherent
Ox,,-module is locally the inverse image of a coherent sheaf on the analytic site of X.

Remark 4.12. If X is a log smooth, proper rigid analytic varieties over K, (£, V,Fil®) be a filtered
Ox-module with integrable log connection, then by Lemma 2.2 and the finiteness of coherent sheaf
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cohomology on proper rigid analytic varieties, we have Hfong(X ,E) = Hfong(X , &) for all i > 0.
Therefore ' ‘ - E—
Hiogar (X, €) W% Bar = H{,gqr (X, €) ®x Bag.

In particular, this recovers the comparison theorem in [DLLZ23a, Theorem 3.2.7], where they
generalize [Sch13a, Corollary 1.8].

5. LOGARITHMIC B;R—COHOMOLOGY FOR RIGID ANALYTIC VARIETIES

In this chapter, we focus on logarithmic rigid analytic varieties over C. As outlined in the
introduction, establishing a meaningful log de Rham-étale comparison theorem requires developing
a BJR—cohomology theory for such varieties. To achieve this, we adopt the approaches presented
in [BMS18] and [Bos23b).

This chapter is dedicated to proving Theorem 1.4, which is essential in formulating the semistable
conjecture for the geometric case as stated in [Sha25a]. To maintain focus, we limit our exploration
of logarithmic B:{R—cohomology to the essentials. A more comprehensive study of logarithmic B:{R—
cohomology, along with logarithmic B-cohomology, will be presented in a subsequent article.

5.1. Preliminary: The L7 functor. We review a construction introduced in [BO78] and gener-
alized in [BMS18], which is essential for the construction of logarithmic BJR—cohomology.

Let (T,Or) be a ringed topos. Denote by D(Or) (resp. K(Or)) the derived category (resp.
homotopy category) of Op-modules. Let (f) C Op be an invertible ideal sheaf.

Definition 5.1. [BO78, Definition 8.6] Let M* € K(Or) be an f-torsion-free complex of Op-
modules. Define a new f-torsion-free complex nM*® € K(Or) as

np(M®) = {x € f'M'|dzx € {1 M}
for all i € Z.

By [BMSI8, Remark 6.3], the definition of 7y depends only on the ideal sheaf (f), and it is
independent of the generator of (f). According to [BMS18, Corollary 6.5], ny factors canonically
over a (not triangulated!) functor

L77f : D(OT) — D(OT)

on derived categories.

We now define a filtration on LnsM. We refer the reader to [BMS19, Chapter 5] for notations
and basic proportion on filtered derived oco-category of Op-modules. Recall that the filtered derived
oo-category of Or-modules is defined to be

DF(Or) := Fun(Z°?, D(Or)).
Let F € DF(Or), we denote by
gr'(F) == F(i)/F(i + 1)
the i-th graded piece of F'.

Definition 5.2. Let M € D(Or), we define Fil* Ln;M a filtration on Ln;M as follows: choose
a representation M® € K(Or) of M such that each M’ is f-torsion-free. Then the i-th level of
Fil* Ly M is given by

Fil' LnyM == f'M* NnpM®.
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The well-definedness of this filtration follows from Proposition 5.5.

To understand the filtration on Lns M, we recall the following definition introduced in [BMS19],
an elaboration of [Bei87, Appendix A].

Definition 5.3. [BMS19, Definition 5.3] Let DF<°(O7) ¢ DF(O7) be the full subcategory con-
sisting of objects F such that gr'(F) € D<!(O7) for all i. Dually, DF=%(Or) C DF(Or) is the
full subcategory consisting of objects F' such that F(i) € DZ%(Or) for all i. We call the pair
(DF=°(O7), DF=°(O7)) the Beilinson t-structure on DF(Or).

This definition is justified by Theorem 5.4 below.

Theorem 5.4. [BMS19, Theorem 5.4] (1) The Beilinson t-structure (DEF<(Or), DFZ(Or)) is
a t-structure on DF(Or).

(2) Let 7';0 denote the connective cover functor associated with the t-structure from (1). Then,
there exists a natural isomorphism

gr' OT§0<—> ~ 5o gri(—).
(3) The heart of the Beilinson t-structure, defined as
DF(O7)? := DF<%(O7) N DF=%(0Oy),

is equivalent to the abelian category Ch(Or) of chain complexes of Op-modules. This equivalence
can be described as follows: for F € DF(Or), its 0-th cohomology H%(F) in the Beilinson t-
structure corresponds to the chain complex (H®(gr®(F')),d), where d is the boundary map induced
by the exact triangle

grt (F) = F(i+1)/F(i +2) = F(i)/F(i +2) = F(i)/F(i + 1) = gr'(F).

We cite the following proposition of [BMS19], which describes the structure of the filtration of
the décalage functor.

Proposition 5.5. [BMS19, Proposition 5.8] Fiz M € D(Or). Let f*® M be the f-adic filtration
on M, i.e., the i-th level of the filtration of K is f* @ M with obvious maps. Then LM is filtered
isomorphic with Tgo(f* ® M) in DF(Or).

We list some results of Ln;, which will be used in the rest of this chapter.

Proposition 5.6. (1)[BMS18, Lemma 6.10] If M € D=°(Or) such that H*(M)[f] = 0. Then there
is a canonical map Fil* Ly M — f* @ M in DF(Or).

(2)[BMS18, Proposition 6.12] For any M € D(Or), we construct a complex H*(M/(f)) with
terms

H'(M/(f)) = H'(M/"(f)) @0 ('),
and differential induced by the boundary map corresponding to the short exact sequence

0= (f)/(f*) = Or/(f*) = Or/(f) = 0.

Then there is a natural quasi-isomorphism

LM ©¢, Or/(f) = H*(M/(f)).
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(3)[BMS18, Lemma 6.14] Let u : (T, Or) — (T", Orv) be a flat map of ringed topoi. Let (f) C Or
be an invertible ideal sheaf with (f') := u*(f) C Opr, which is still invertible. Then the diagram

D(O7) —“— D(Og)

anf anf/

D(Or) —“— D(Op)
commutes, i.e., there is a natural quasi-isomorphism Lnpu*M — w*Lny M in D(Opv) for all M €
D(Or).

Proof. We only need to check the compatibility for filtration of (1), which follows from the con-
struction in [BMSI18, Lemma 6.10]: choosing a representation M® of M, once we get a map
LnsM — ®M, we can restrict it to Fil* Ln;M = f*M* NnsM® — f*® M. 0

5.2. Logarithmic B$R-cohomology. Similar to [Bos23b], we can define the logarithmic B;{R—
cohomology by using the Ln functor.

Definition 5.7. Let X be a log smooth rigid analytic varieties over C'. We denote by A : Xj,;ost —
Xé¢t,cond the natural morphism of sites. We define the logarithmic B(;FR—cohomology of X as the
complex in D(Modsé’ﬁd):
dR
RFB(TR (X) = Rrét,cond (X7 LntR)\*B(TR)
We endow RT’ B, (X)) with the filtration given by Definition 5.2.

Remark 5.8. Similar to [Guo21], by introducing the logarithmic infinitesimal sites, one is able to
define RI'ogqr (X/ B(;FR)7 and there should be a canonical filtered quasi-isomorphism:

R ¢ (X) 2 RTogar (X/Bgg)-
Proposition 5.9. Let X be a log smooth rigid analytic variety of dimension d over C. Then
Rl)\*B;fR =0 for alli > d.

Proof. This is an analogy of [Bos23b, Proposition 2.40]. Since the problem is local on X¢ cond
(as both sides satisfy analytic descent), following the notations in Section 3, we may assume X =
Spa(R, R™) is an affinoid log rigid space over C' with a strictly étale morphism X — E¢, which can

be written as a composite of rational embeddings and finite étale maps. By pulling back I~EC — E¢
to X we get

X=X XEq sz’ = Spa(Reo; R,

a Galois pro-finite Kummer étale cover with Galois group I'. The Cartan—Leray spectral sequence
gives an quasi-isomorphism

RFcond (F, HO (5(:7 BIR)) i> Rrpmkét (X7 IB%’—R)7

which concludes the proof since I' ~ 2(1)d has cohomological dimension d by [Bos23a, B.3] (which
is also true for T' ~ Z(1)¢, by applying [Bos23a, B.4] with F =T and R = Z). O

This proposition allows us to deduce the following two propositions.
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Proposition 5.10. The natural map

Ly RABJ, — Rlim Ly R, (B /t™)

is a quasi-isomorphism compatible with filtrations induced by Ln;.
Proof. The proof is similar to [Bral8, Lemma 4.3] or [Bos23b, Lemma 2.41]. O

Proposition 5.11. If X is an affinoid log smooth rigid analytic variety over C, the natural mor-
phism
Lnt Rrprokét (X7 ]B%(—;R) — Rrét,cond (X, L(’?tRA*BgR) = RFB:{R (X)

n D(Modsglrid) is a filtered quasi-isomorphism, where filtrations on both sides are given by the

filtration ofcfnt defined in Definition 5.2.
Proof. The proof is similar to [Bral8, Proposition 3.11] or [Bos23b, Proposition 2.42]. O

Theorem 5.12. Let X be a log smooth rigid analytic varieties over K then we have a natural
isomorphism in D(Mod52'?) :

RI' g (Xo) = RTlogar(X) @ By,
compatible with filtration and G -action.

Proof. Since the problem is local (as both sides satisfy analytic descent), we may assume that X
is affinoid. In this case, recall that A\ : X oxst — X ét,cond, We have

RI’ BY, (Xc) = L RT proket (X, BIg)
~ Lny Rl ¢ cond (Xcy (RABZR)T)
~ Ly Rrét,cond(X07 Fil’ (MXC ®I.( @))

~ (Oxc (Xo) T 5(Xe) > Q3 (X0) T -+ ) @1 Bl

= erong(XC) ®§(. BiR?

where the first quasi-isomorphism follows from Proposition 5.11, the second quasi-isomorphism
follows from the same argument as in the proof of Theorem 4.6, the third quasi-isomorphism
follows from Proposition 4.8, the forth quasi-isomorphism follows from [Bos23a, Lemma 6.13] and
[Bos23a, Theorem 5.20], and the last quasi-isomorphism follows from [Bos23a, Lemma 5.6]. This
concludes the proof. O

When X is defined over C, our construction of the BS{R—cohomology theory indeed provides a
deformation of the logarithmic de Rham cohomology. Moreover, we can describe its filtration in a
manner analogous to [CN25, Proposition 3.13] in the rigid analytic setting, as follows.

Theorem 5.13. Let X be a log smooth rigid analytic varieties over C.
(1) We have a natural isomorphism in D(Mod{!d) :

0:RT ¢ (X)® 2 C = Rllogar(X).

dR
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(2) More generally, for r > 0, we have a natural distinguished triangle in D(Modsc‘?hd) :
e £ e 0 rr
Fil"! RFBIR(X) — Fil RI‘B:{R(X) — Fil" Rlogar (X).
(3) For r >0, we have a natural distinguished triangle in D(ModSHd) :
Fil" ™' RT’ p, (X) = Fil'RI' 1 (X) = RI(X, T RAMOx,, e (7))
Proof. We have
RI s (X) ®7% C ~ Rl cona (X, L RABJ, @78 (B /1).
dR dR. dR
We are reduced to showing
v
L e lo
<LntRA*BgR ® B:*R (BgR/t)> ~ Q38
By Proposition 5.6 (2), we have
v
<LntRA*IBagR ' (B, /t)> ~ H*((RABJR)/1)Y ~ H*(RA(BJR /1) ~ H*(RA\Ox, )"

Bin
~ v
= (R.)\*OXprokét) ®B;_R Fll. BJR
~ Q%%(—e) @¢ C(o)
~ Q;&log,

where the second-to-last isomorphism follows from the proposition below: to see that the Bockstein-
type differential coincides with the usual log-differential on Q}bg (this is a much easier version of
[BMS18, Theorem 8.3], see also [Bhal8, Proposition 7.9]), by Proposition 5.15 we may reduce to
checking that the Bockstein-type map

OX ~ ROA*@X — Rl)\*(/f)\XPmkét(l) = Q;bg

prokét

is the usual log-differential. We may work locally, translating the elements in RIA*@XProkét(l) to
cocycle conditions in group cohomology, where the same calculation of the proof of Proposition
5.22 applies. This concludes the proof of (1). Then (2) follows from [Wu24, Proposition 3.4], and
(3) follows from [Wu24, Lemma 3.3]. O

Remark 5.14. We will see that when X descends to a log smooth X over a discretely valued field
K such that X = Xy xg C, we have a natural quasi-isomorphism

TS RAOX 0 (1) = D QR (r = 1),
i<r
and in general, a choice of a log smooth B(;FR /t2-lift X of X via the map B;R /t2 — C gives such a
quasi-isomorphism.
Proposition 5.15. Let X be a log smooth rigid analytic varieties over C', then we have a natural
isomorphism
iy A v ilog, -

<R A*(I))(prokét) = QX (_Z)

for all i > 0.
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Proof. We can use the same argument as in the proof of [Sch13b, Proposition 3.23]: we first prove
that £ := R'\.Ox is a locally free Oy, -module of rank dim X, such that

prokét

J
/\5 ~ RjA*@X

prokét *
This can be checked locally, by following a direct computation using the Koszul complex of T' (as in

the proof of [Sch13a, Lemma 5.5], which also requires the use of [DLLZ23b, Lemma 6.1.9]). Then,
the following lemma, which is a log-version of [Sch13b, Lemma 3.24], concludes the proof. O

Lemma 5.16. Consider the exact sequence (for example, see [KN99, Proposition 2.3])
0= Zy(1) = lmv ™' MY = v MY =0
xp
on Xprokst- Here v is the natural morphism of sites v : Xprokes — Xest- It induces a boundary map
ME = vt MPE — RINZ,(1). Then there is a unique Ox -linear map Ql)(;g — R'NOx, ()Y
such that the diagram

MP —— 5 RYW,7,(1)

l l
%(*) B Rl A”‘(9Xpr0két (1)' (*)

commutes, where 6 : M — QUI°8 is the derivation. This map is an isomorphism.

Proof. The proof of [Sch13b, Lemma 3.24] goes through. The point is to reduce the claim to
the arithmetic case, i.e. X descends to a log smooth X over a discretely valued field K such
that X = Xy xx C. See also [LP19, Corollary 6.15] and [LP19, Remark 6.17] in the logarithmic
settings. L]

Similar to the log de Rham cohomology, we can compare the logarithmic BGJ{R—cohomology with

the B(TR—cohomology of the trivial locus when the log structure comes from a strictly normal crossing
divisor.

Proposition 5.17. Let X be a log smooth rigid analytic varieties over C' with log-structure given
by a strictly normal crossing divisor D C X. Denote by U :== X — D. Then, we have a natural
(non filtered!) isomorphism in D(Modg’i‘{i) :

RT . (X) ~ RTun (U/Bjy).

Proof. Since both sides satisfy analytic descent, the problem is local, and we may assume X can
be descent to an log variety X over a discrete valued field K by the lemma below. Then the claim
follows from Theorem 5.12, [Bos23b, Theorem 5.1] and Theorem 2.8. u

Lemma 5.18. If X is a log smooth rigid analytic varieties over C of dimension d with log-structure
giving by a strictly normal crossing divisor D C X. Then étale locally X has a basis of rigid analytic
varieties consisting of objects of the form Sp(Ac{(x1,...,xq)) with log structure given by the normal

crossing divisor x1---xq = 0, where Sp(A) is a smooth rigid analytic variety over K for some
discretely valued field K in C.
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Proof. By the existence of tubular neighborhood, [Kie67, Theorem 1.18], locally X can be written
as V := Sp(R (z1,...,x4)), and D is defined by the equation z; ---24 = 0. Then the claim follows
from Temkin’s alteration theorem [Tem17, Theorem 3.3.1]. O

5.3. Comparison with the pro-Kummer étale cohomology. The following comparison the-
orem can be easily deduced from our construction for logarithmic B(;FR—cohomology.

Theorem 5.19. Let X be a log smooth proper rigid analytic variety over C. Then we have a
canonical filtered isomorphism in CondAb :

Hig(X,Qp) ®q, Bar ~ H"BIR(X) ®p+ Bar-
Here, the filtration on Hg+ (X) is defined by
dR
Fil* EJR(X) := Im(H"(Fil* RFBQLR(X» — HJZB;R(X)).

Moreover, when X descends to a log smooth Xy over a discretely valued field K such that X =
Xo xg C, this isomorphism agrees with the comparison isomorphism

Hfﬁ(X, Qp) ®q, Bar ~ Hliong(XO) ®k Bdr,
under the canonical identification in Theorem 5.12.

Proof. We will construct a morphism:
RT ¢ (X) = RTproket (X, Big) ~ Rl ket (X, Zp) @2z, By,

where the last isomorphism follows from [DLLZ23a, Lemma 3.6.1] (whose proof also works over
C, by the same proof as presented in [Schl3a, Theorem 8.4]). Then we will prove that such a
morphism is a quasi-isomorphism after inverting ¢.

By Proposition 5.6 (1), we have a natural morphism

RPBZlLR (X) = RFét,cond (X, LntRA*]le_R) — RFét,cond (X7 R)\*BIR) = Rrprokét (X7 IB;{_R),

which gives the desired morphism.

To show that such a morphism is a quasi-isomorphism after inverting ¢, as both sides satisfy
analytic descent, it suffices to prove it locally so we can assume that X is affinoid. By Proposition
5.6 (3), considering the base change B:{R — Bgr, picking O := B(;FR,OT := Bgr and M :=
RIproket (X, IB%(TR), we have a quasi-isomorphism

1 1
RFB(TR(X) |:t:| = L'r/t (Rrprokét (X, B:{R) |:t:|> = Rrprokét(X7 IBdR)a
which is compatible with filtration: for any integer r, we have
1 o
Fil” <LntM M) = Z 7 (' M N Ly M) C "M = t" R proret (X, Blg).
i+j=r
This concludes the proof.

When X descends to X over a discretely valued field K, the compatibility stated in the theorem
is clear due to Theorem 5.12. O



ON THE PRO-KUMMER ETALE COHOMOLOGY OF Bggr 27

5.4. Degeneration of (log) Hodge—Tate spectral sequence. This section is devoted to proving
the following theorem, as promised in the introduction. For convenience, we will only work with
usual cohomology groups in this section. However, clearly all results can be extended to condensed
cohomology group without any difficulty.

Recall that we denote by v the natural morphism of sites v : Xprorer — Xt

Theorem 5.20. Let X be a proper log smooth rigid analytic variety over C of dimension d, then
(1) the Hodge-log de Rham spectral sequence
. , logi ”
EY = H(X,Q®") = Hfogij(X)
degenerates at E.
(ii) the Hodge—Tate spectml sequence

EY = HI (X, Q8" (=) = HIT(X,Q,) ©g, C

degenerates at Es.
Moreover, HIB;LR (X/Bir) is a finite free Bis-module.

The key step in the proof is to demonstrate the existence of a splitting

P RF (i) = ROx e
i>0
For rigid analytic varieties, this is shown in [Guo23, Proposition 7.2.5] by choosing a smooth Bj /t*-
lifting X of X. Such a hftmg always exists when X is proper. Additionally, the splitting depends
on the choice of lifting functorially.
We now turn our attention to the logarithmic case, discussing conditions under which such a
splitting exists.

5.4.1. B, /t?-liftings of X. As demonstrated in [BMS18] or [Guo23], a key step in the proof of the
theorem is to establish the existence of a IB r/ t2-lifting for proper X. We will show that the same
holds for log smooth and proper adic space.

Proposition 5.21. Let X be a log smooth rigid analytic varieties over C. Then X admits a log
smooth B:{R/t2 lift X via the map B /t2 — C in the following cases:

(1) X descends to Xy over a dzscretely valued field K ;

(2) X is proper.

Proof. (1) is clear as the base change of Xy along K — B /t? gives a desired lift.

For (2), denote by U := Xy, the trivial locus of X (1 e. largest open where the induced log
structure is trivial), and D := X — U the closed complement of U. Since X is log smooth,
according to [Ogul8, Corollary 1.9.5], we can identify the log structure of X with the compactifying
structure induced by U. By Raynaud’s theory on formal and rigid geometry, and Temkin’s results
on analytic spaces in [Tem00], there exists a closed immersion © < X of proper flat formal schemes
over Spf(O¢) such that the closed immersion D < X is the rigid generic fiber of the morphism
1:90 — X.

Choose an inclusion of fields F' — C. We will show that there exists a smooth rigid space S over
F such that the closed immersion D — X can be lifted to a morphism between flat F- rlgld spaces
D4 — X4 over S with a map Spa(C,O¢) — S. Then since B, /t> — C has a natural F-structure,
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by formal smoothness the map Spa(C, O¢) — S can be lifted to a map Spa(Bj; /€2, Aint/€2) = S.
This gives a BIR/t2—lifting D — X of D — X. The open complement U of ID then induces the
compactifying log structure on X, which also gives a BJR/t2—lifting of the log adic space X by
[Ogul8, Proposition 1.6.2]. Moreover, X is log smooth over Bjy /t? by [Ogul8, Proposition 4.2.4].
This will finish the proof.

Denote by €0, the category of complete local artin O y-algebras with residue field k. Consider
the deformation functor

D: (g(')p — Set
defined by sending A € CKOF to the isomorphism class of flat liftings of i : ®s — X5 on A. According
to [sta, OE3S], the deformation functor D has a versal deformation, i.e., a complete noetherian local
O j-algebra A with the residue field k, a morphism between proper flat formal scheme iy : D4 — X4
over A where A is topologized by powers of its maximal ideal, deforming 75 such that the induced
classifying map
hA : Hom@ﬁ(A, —) —D

is formally smooth. According to the proof of [BMSI8, Proposition 13.15], we can extend h4
and D to the ind-completion of ¢p,.. This category includes O¢ JwF for all k > 1. Denote by
ir : ®p — Xj, the reduction of i : ® — X module w*. Since we have a canonical map 79 : A — k,
and an isomorphism g : 7§i4 = is, applying the formal smoothness of h4 (on the ind-completion
of Cgop) to the Oc/w — k, we can choose a map n; : A — O¢/w lifting 1y and an isomorphism
1 1 mjta ~ i1 of morphism beteween Oc¢ /w-schemes lifting ¢9. We can then construct v, and
1y, inductively, taking the inverse limit, and we can show that there exists a map n: A — O¢ of
O -algebra, and an isomorphism n*i4 ~ ¢ as morphism between formal O¢-schemes.

Finally, after inverting p we have a morphism of flat F—rigid spaces Dg — X4 over § =
Spa(A, A[1/p]). We can shrink S to a suitable small locally closed subset, such that S is smooth
over F'. This concludes the proof. O

5.4.2. Splitting of the (log) Hodge—Tate map. We will prove the following proposition.

Proposition 5.22. Let X be a log smooth rigid analytic varieties over C'. Then a choice of log
smooth B(;FR/tZ—lift X of X gives a natural splitting of the (log) Hodge-Tate map

HT : HY e (X, Ox,e) — HO(X, Q8 (1)),
Here the map HT is induced by the spectral sequence
EY .= Hl (X, R'v.0x = HJ (X, 0Ox

prokét ) pI‘Okét

prokét )

prokét ) :

We prove this proposition in the fashion of [Heu25, Proposition 2.15]. Via the homeomorphism
IX| = | X, we may regard Ox as the sheaf on X¢;. Define

homomorphisms ¢ of >
sheaves of BJj, /t*-algebras ¥ '0x —— Br/t*

Lx :=4 on Xprokét such that the l l
right square is commuta-
tive:

Note that Lx is a sheaf on Xpokér as a subsheaf of Hom()\_lox,BZ{R /t%). We have

1 A
v OX OXprokét
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Lemma 5.23. Lx is a pro-Kummer étale torsor under V*Ql)?g(—l)v.

Proof. Similar to the proof of [Heu25, Lemma 2.13] by using the theory of infinitesimal liftings for
log smooth morphism, see [Kat89, Proposition 3.14]. O

Proof of Propostion 5.22. For § € H°(X, Ql)(gg(—l)), define a map
s HO(X, (1)) = Hyor (X, Ox

prokét)
by
* 1o
sx 10— Lxg:= Lx x" Q3 (=1)Y v Ox

via identifying Ql)cég(—l)v — Ox, which is induced from the dual of the canonical map Ox —

Ql)(zg(—l). We need to check that HT (sx(0)) = 6.

The problem is local, so we may assume X = Spa(R, R") is an affinoid log rigid space over C
with a strictly étale morphism X — E = Spa(C(P), Oc(P)), which can be written as a composite
of rational embeddings and finite étale maps. Let T be the induced coordinate on X, for any
a € P. Let X = Spa(Roo, RY) — X be the Galois pro-finite Kummer étale cover with Galois group
I as before. Choose a Z-basis {a1,...,aq} of P®P, where d = dim X. Then d(ay),...,6(aq) form a
basis of ngg , where § : P — Qﬁg is the derivation. Denote by 01, ..., 04 its dual basis in ngg’v.

For any lift X = Spa(R/, R't), by formal log smoothness there exists a lift of the map C(P) — R
induced by X — E to an étale morphism

BI /2 (P) —» R/

of B(TR/tQ—algebras. Here we view B(ﬁ—_{/t2 as a Tate Qp-algebra with a ring of definition Aj,¢/€2,
and the log structure on P — B:{R Jt2(P) is given by a + T®. Any choice of such a lift induces a

section of Lx(X) as follows: the morphism
B /tHP) — Bl /t3H(X) : T% — [TY?7] for any a € P

extends by formal log étaleness to a unique map R’ — IB%:{R / tQ()N( ) lifting the map R — Ro. The

following lemma describe the I'-action on Lx(X).

Lemma 5.24. Write a; = aj —a; with a,a; € P fori=1,2,...,d. Let cf,cl-_ T = Z,(1) =

177

l'&ln Kyn be the maps such that for any v € T', we have
a* > a% S a. e} _ a oo
AT = (e GO AT ) = e (I )

Then under the identification Lx(X) = Qllgg(—l)v ®r Roo induced by R — B /t*(Pgso). the
I'-action on the right can be described the continuous 1-cocycle

+
G

— ¢ (

. . . . *lo log,
via the natural identification H;rokét(X, vrQPE(—-1)Y) ~ HYT,Qp8 Y(1)).

d
o QY (1), 75 S %,
=1 7

Proof. The proof is similar to [Heu25, Lemma 2.16], let Roo{1} := ker(Bl; /t*(Rs) — Roo). For
any Yx;0; € Hom(Qllgg, Roo{1}), denote by z;" := z;0;(6(a}")), z; := 2;0;(6(a;)) for all i, then the

7
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corresponding element in Lx(Rq) =~ Qﬁg( —1)V®g Roo is given by the morphism induced by sending
Tat [T@/Poo] + 2 and T% [T /P7] + z; . Then to describe the y-action, we compute:
([T P 4+ ) — [T% /7] = ([ef (7)] = DT ™) + v,
Y(T% 27 ) = [T% P7) = ([ ()] = DTS /7] + ey

This concludes the proof, since we can identify [¢] — 1 by ¢ in Bqr/t?, for e = (1,--+) € Z,(1), which
induces a canonical isomorphism R{1} — R(1). O

sroket (1) torsor L P RET (1) v*Ox (1) induced by d(a;) :
Ql)?g’v — Ox. We need to check its image under HT(1) is §(a;). This follows from the commutative

diagram in Lemma 5.16: 6(a;) maps to HT(1)7'6(a;) through the map over the lower left corner,
and it maps to the class defined by the 1-cocycle I' — R(1) : v — ¢; (v)/c; (v) through the map

For any ¢ = 1, ...,d, consider the @X

over the upper right corner, which is exactly the cocycle associated to Lx x” OREY (1) v*Ox (1) by
the lemma above. This concludes the proof. [l

5.4.3. Splitting of RV*@X

sition of RA*@ Xproker &8 follows.

The splitting of the Hodge—Tate map induces a natural decompo-

prokét *

Proposition 5.25. Let X be a log smooth rigid analytic varieties over C. Then a choice of log
smooth By, /t*-lift X of X gives a natural splitting of Rv,.Ox,, ... as Do Ql)’gog(—i)[—i] in the
derived category.

Proof. The splitting of the (log) Hodge-Tate map gives a natural isomorphism

Ox ® QY (=1)[-1] = 75'Ru, Ox

prokét *

The quotient map
i

®o 1 .
1,log X llog _ ~i,log
(3) " > Aoy =0

has a canonical Ox-linear section s; given by

1
W1 N\ Aw; = ﬁ ES Sgn(a)wa(l) & ... ®w0(i)'
[ASIT)

Here, we denote by (—)®? the tensor product of i copies of the object. Therefore, we can construct
a map

O35 (—i)[—i] = (QYB(=1)[-1])®ox? = (RA\.Ox,,.. )29 = R, Ox

prokét prokét ?

which induces a natural map

@ Qg,(}og(fi)[fi] — RV*@\Xprokét'
i>0

The map constructed above is a quasi-isomorphism by (the construction of) Proposition 5.15. [
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5.4.4. Proof of Theorem 5.20. With all these preparations, the proof for Theorem 5.20 is then
followed by counting dimensions.
We start with (2). The spectral sequence

Eéj = Hgt(Xv RiV*@X ) = Hi+j(Xpr0két’ @Xprokét) = Hli:’zrtj(Xa Qp) ®Qp ¢

converges, where the last isomorphism follows from the primitive comparison theorem in [DLLZ23b,
Theorem 6.2.1]. The claim then follows from Proposition 5.25 by counting dimensions.
To show (1), we need to show that

prokét

d
Y dime HY (X, Q%) = dime Hyhg (X).
i=1
By (2), we have
d
> " dime HY (X, Q%) = dimg, Hi ! (X, Qp).

ét
1=1

On the other hands, Theorem 5.19 shows

: i+j : itj 1
dimg, HLLY (X.@,) = dimpy, H7 (X)) | 1
= dimpy H;E(X)(*)/torsion

< dimp HBE; (X)(%)/t

< dlmc Hlltj;lR(X)a
where the second equality holds since Hng (X)(x)/torsion is a finite rank torsion-free module over
dR

Bj without nontrivial divisible submodule, so it must be free by [Rot60, Theorem 3]. The last
inequality follows from Theorem 5.13, which induces a short exact sequence

o - iy
0— Hgi(X)(*)/t — Hyp(X) = HZS{_:’ (X)(*)[t] = 0.

This proves (1) as all inequalities must be equality.

Finally, the above computation also shows that H;Jr (X) is a finite free BIR—module as it is
dR
torsion-free. This finishes the proof.
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