ON THE PRO-KUMMER ETALE COHOMOLOGY OF Bgg

XINYU SHAO

ABSTRACT. We investigate p-adic cohomology theories of log rigid analytic varieties over a p-adic
field. For a log rigid analytic variety X defined over a discretely valued field, we compute the Kum-
mer pro-étale cohomology of IB%;R and Bgr. When X is defined over C,, we introduce a logarithmic
B;{R—cohomology theory, which serves as a deformation of log de Rham cohomology. Additionally,
we establish the log de Rham-étale comparison in this setting and prove the degeneration of both
the Hodge-Tate and Hodge-log de Rham spectral sequences when X is proper and log smooth.

CONTENTS

1. Introduction

1.1. Background

1.2. The pro-Kummer étale cohomology of Bar

1.3. Geometric BJR—cohomology and comparison theorem
2. Logarithmic de Rham cohomology

3. Period sheaves

3.1. Definitions

3.2. Local study of Bqr and OBgR 1og

4. The pro-Kummer étale cohomology of IB%IR and Bggr

5. Logarithmic B(J{R—cohomology for rigid analytic varieties
5.1. Preliminary: The Ln functor

5.2. Logarithmic B:{R—cohomology

5.3. Comparison with the pro-Kummer étale cohomology
5.4. Degeneration of (log) Hodge—Tate spectral sequence
References

1. INTRODUCTION

QU N N =

— =

DN =
—_ O

26
27
32

Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0 and with
perfect residue field k of characteristic p. Let W (k) be the ring of Witt vectors of k with fraction
field F' (therefore W (k) = OF). Let K be an algebraic closure of K and C be its p-adic completion,

and let O be the integer closure of Ok in K. Let ¢ be the absolute Frobenius on W (k).

4 = Gal(K/K).

Set

We will denote by Ok and Oj, depending on the context, either the scheme Spec(Of) or the
formal scheme Spf(O) with the trivial log structure or the canonical (i.e., associated to the closed

point) log structure, respectively.
1
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1.1. Background. Before presenting the main theorem, we review some recent advances in p-adic
Hodge theory.

The aim of p-adic Hodge theory is to establish a Hodge-type decomposition over p-adic fields,
analogous to the classical Hodge theory developed by Deligne and Hodge. For smooth algebraic
varieties, such a decomposition was first achieved in [Fal88]. In the case of proper smooth rigid ana-
lytic varieties, Scholze extended this framework using perfectoid geometry, leading to the following
results in [Sch13a].

Theorem 1.1. [Sch13a, Corollary 1.8] For any proper smooth rigid-analytic variety X defined over
K, the Hodge—de Rham spectral sequence

EV = HI(X,0%) = HS(X)

degenerates at E1, and there is a Hodge-Tate decomposition

H}\(Xc,Qp) @k C~ P H™ (X, ) @K C(—j).
7=0

Moreover, the p-adic étale cohomology Hgt(XC,Qp) is de Rham with associated filtered K-vector
space Hp (X).

Following Scholze’s celebrated work on proper smooth rigid analytic varieties, numerous gener-
alizations have emerged. The work by Hansheng Diao, Kai-Wen Lan, Ruochuan Liu, and Xinwen
Zhu in [DLLZ23a] (see also the work of Shizhang Li and Xuanyu Pan in [LP19]) extended the above
comparison theorem to almost proper rigid analytic varieties X, meaning that X can be written as
X — Z where X is a proper smooth variety and Z is a Zariski closed subset in X. In [DLLZ23a], they
further constructed the Simpson and Riemann-Hilbert correspondences for such varieties. Their
approach involves developing the theory of log adic spaces, which provides a natural log structure
on X induced by the open immersion X — Z < X. By employing resolution of singularities, Z can
be assumed to be a strictly normal crossing divisor on X, allowing one to reduce the problem on
X to one on X, where methods akin to those in [Sch13a] apply.

Another direction of generalization is to study general rigid analytic varieties without requiring
X to be proper or smooth. This was studied in [Bos23a] and [Bos23b]. In [Bos23a, Theorem 1.1.8],
Guido Bosco computed the pro-étale cohomology of the period sheaf Byg for smooth rigid analytic
varieties over a discretely valued field K. Within the framework of condensed mathematics, he
computed the pro-étale cohomology of Byg via the Poincaré lemma, which, for proper smooth rigid
analytic varieties over K, reproduces results from [Sch13a, Theorem 7.11]. In [Bos23b], using the
éh-topology, Guido Bosco showed it is also possible to work with non-smooth rigid analytic varieties
over an algebraically closed complete field C.

1.2. The pro-Kummer étale cohomology of Byr. In this article, we compute the pro-Kummer
étale cohomology of Bgr for log-smooth rigid analytic varieties over a discretely valued field K,
extending the results of [Bos23a, Theorem 1.1.8].

In algebraic geometry, for a given smooth algebraic variety X, we typically consider a compact-
ification X such that X — X is a strict normal crossing divisor. This setup allows X to carry a
natural log structure that is log-smooth, thereby reducing many problems to the proper case where
cohomology theory behaves more predictably. However, in rigid analytic geometry, compactifying
a rigid analytic variety is generally not feasible (while it can be done in the category of adic spaces,
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the resulting space no longer remains a rigid analytic variety, introducing new complications). This
is why, in [DLLZ23a], the authors restrict themselves to considering almost proper rigid analytic
varieties, which can be associated with a smooth proper rigid analytic variety endowed with a
well-behaved log structure after resolution of singularities.

In order to extend the known comparison theorems for rigid analytic varieties, it is natural to
introduce log structures on general (not necessarily proper) rigid analytic varieties. For pro-étale
cohomology, recent works by Pierre Colmez, Gabriel Dospinescu, and Wiestawa Niziot [CN17],
[CDN20], [CN20], [CN25] provide a detailed description of the pro-étale cohomology for smooth rigid
analytic varieties, thanks to the comparison with syntomic cohomology. However, for non-quasi-
compact rigid analytic varieties, computing étale cohomology remains challenging. By equipping
a quasi-compact rigid analytic variety with a log structure derived from a strict normal crossing
divisor, we can apply results on pro-étale cohomology to compute the étale cohomology of the
trivial locus, which is itself not quasi-compact. Further exploration in log geometry, therefore,
holds potential to clarify significant aspects of the étale cohomology of rigid analytic varieties.

The main theorem of this part is as follows (see Theorem 4.6 for a more general statement).

Theorem 1.2. Let X be a log smooth rigid analytic variety defined over K with fine saturated log
structure. Define
RT1ogdr (X By ) := RO(X, Q%% @ Bar).

(i) We have a Yy -equivariant, compatible with filtrations, natural isomorphisms in D(Mod$2™?):
RIproket (X, Bar) ~ RlogdR (XByg )-

(i) Assume X is connected and paracompact. Then, for each r € Z, we have a Yx -equivariant
natural quasi-isomorphism in D(Mod$e®?):

RFpmkét (Xc, Fil” BdR) ~ Fil" (erong(X) ®§(. BdR),

where RTjogar (X) is the condensed log de Rham cohomology complex in D(Mod$2™) (see Definition
2.1).

This result generalizes [Bos23a, Theorem 1.1.8]. By comparing these two results, we can relate
the pro-Kummer étale cohomology and the pro-étale cohomology of Byg when the log structure of
X comes from a strictly normal crossing divisor.

Corollary 1.3. Let X be a smooth rigid analytic variety over K, D C X be a strictly normal
crossing divisor, and U = X — D. Endow X with the log structure coming from D. Then we have
a natural (non-filtered!) quasi-isomorphism in D(Mod$end):

Rl o6t (X, Bar) ~ R proket (Uc, Bar)-

It is unclear whether this corollary can be proved directly, as computations for Kummer (pro-
)étale cohomology typically require case-by-case treatment. For instance, if X is quasi-compact,
D C X is a strictly normal crossing divisor, and U = X — D, then we have

Rrprokét (X07 Qp) = RF@(XCU Qp) s Rréi(U07 Qp)a
which follows from [DLLZ23b, Corollary 6.3.4]. Note that RI'¢(Uc,Qp) # RI'preet(Uc, @p) in

general. For example, when U = A, H élt(Alc, Qp) = 0 but H;mét(AlC7 Qp) is very large, as indicated
by the main theorem of [CDN20].
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1.3. Geometric B:{R-cohomology and comparison theorem. Now let X be a log smooth
rigid analytic variety over C. Since the algebra B:{R lacks a natural C-structure, establishing a
meaningful comparison theorem between the log de Rham cohomology and the Kummer étale
cohomology necessitates the introduction of a new cohomology theory, RI’ B, (X). This theory

serves as a deformation of log de Rham cohomology via the map BCTR — C.
For rigid analytic varieties without log structures, various approaches have been proposed to
construct geometric B;“R—cohomology theories. For example:

e In [BMS18], Bhargav Bhatt, Matthew Morrow, and Peter Scholze introduce Rl eris(X/Biz)
using the concept of “very small objects.”

e In [Guo21], Haoyang Guo constructs RI'(X/Yins, Ox/s, ) by studying the infinitesimal site
over BGJ{R.

e In [CN25], Pierre Colmez and Wiestawa Niziot define RI'qg (X/Bjj) via local semistable
formal models of X.

Notably, all these definitions are shown to be equivalent by [CN25, Proposition 3.27]. In [Bos23b],
using the Lng-functor, Guido Bosco introduces RI’ BCTR(X ) via period sheaves, and proves that it

agrees with the geometric B;R—cohomology.
In this article, we adopt Bosco’s approach to define RI’ B, (X), as we believe it provides the

most direct framework for defining logarithmic B(;FR—cohomology with minimal prerequisites. After
establishing such a theory, we will prove the following comparison theorem.

Theorem 1.4. Let X be a proper log smooth rigid analytic variety over C. Then there are coho-
mology groups H;ﬁ (X) which come with a canonical filtered isomorphism
dR

Hie(X,Qp) ®q, Bar ~ HESFR(X) ®pt Bar.

When X comes from Xg over a discretely valued field K, this isomorphism agrees with the compar-
ison isomorphism (see [DLLZ23a, Theorem 1.1])

Hliét(Xa @P) QQ, Bar ~ HIZ‘ong(XO) QK Bdr,
under a canonical identification
. (0 = Hipyan(Xo) ©x By
Moreover, HEJF (X) is a finite free Biz-module, and we have
dR
(i) The Hodge—de Rham spectral sequence
g , loni L
EY = HI (X, Q%) = HfoggR(X)

degenerates at E.
(i) The Hodge—Tate spectral sequence

By = HI (X, Q%) (=) = Bl (X, Q) g, C
degenerates at Es.

These results serve as an initial step toward the study of rational p-adic Hodge theory for log-
arithmic rigid analytic varieties. In fact, we can define the syntomic cohomology for logarithmic
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rigid analytic varieties by adopting a similar framework. We will explore these ideas in detail in a
forthcoming paper [Sha26b].
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Notation and conventions. In this article, We freely use the language of condensed mathematics
as developed in [CS19]. To avoid set-theoretic issues, we fix an uncountable strong limit cardinal
x, which means & is uncountable and for all A < k, also 2* < k. For sheaves valued in condensed
abelian groups, we refer the reader to [Bos23a] for notations and properties used in this article. In
particular, here are some notations that are used in this article:

e We denote by CondAb the category of condensed abelian groups. For a discretely valued
field K, we denote by Mod$2"? and Mod$2 the category of condensed K-vector spaces and
the category of solid K-vector spaces, respectively.

e For a topological abelian group 7', we can associate T" with a condensed abelian group T
as follows: for any profinite group S, we define T'(S) := €(S,T) the set of continuous
maps from S to T. Conversely, for a condensed abelian group A, we denote by A(x) the
underlying abelian group of A.

e The above construction allows us to relate a sheaf F of topological abelian groups over a
topological space X with a sheaf F, by sending any open U C X to F(U) := F(U).

e For 7 = ét or proét, and an analytic adic space X, we can define the site X conq to retaining
the information captured by profinite sets, see [Bos23a, 2.3].

We adopt the language of adic spaces as developed in [Hub96]. A rigid analytic variety over L
is defined as a quasi-separated adic space locally of finite type over Spa(L, Op) for a p-adic field L.
All rigid analytic spaces considered will be over K or C. We assume all rigid analytic varieties are
separated, taut, and countable at infinity. We denote by Smy, the category of smooth rigid analytic
varieties (or smooth dagger varieties) over L. Moreover, we always assume analytic adic spaces are
rk-small, meaning the cardinality of their underlying topological spaces is less than k.

If A is an abelian category, unless stated otherwise, we always work with derived stable oo-
category D(A).

We also use the theory of log adic spaces. For definitions and properties of log adic spaces, we refer
the reader to [DLLZ23b]. A (pre) log-structure on a condensed ring is simply a (pre)log-structure
on the underlying ring.

2. LOGARITHMIC DE RHAM COHOMOLOGY

In this section, we study the de Rham cohomology for logarithmic rigid analytic varieties. We
will show that most of the known results continue to hold in the condensed mathematics setting.
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Suppose X is a log smooth rigid analytic variety over L = K or C, i.e. an analytic fs log adic
space which is locally of finite type over Spa(L, Op). Recall that in [DLLZ23b, Construction 3.3.2],

one has logarithmic differential étale sheaf Qﬁélog (also denoted by Qg?g), defined to be the universal
object among derivations. When X is log smooth, by [DLLZ23b, Lemma 3.3.15] Qﬁélog is locally
free of finite rank. For any ¢ > 1, let QZ‘X’log = /\Z Q;log.

For any affinoid étale morphism U — X, Qgﬁog (U) is a finite Oy (U)-module, therefore it has a
natural structure of K-Banach space. This leads to the following definition.

Definition 2.1. Suppose X is a log smooth rigid analytic variety over L, we define the logarithmic
de Rham cohomology of X to be

RTjogar (X) := RT (X, Q;;bg)

in D(Mod$end).
Recall that the usual de Rham cohomology for log rigid analytic varieties is defined by
RTjogar (X) := R (X, Q}l‘)g) .
When X is log smooth and proper, Hf'Ong(X ) is finite dimensional and carries a natural topology,
therefore the structure of RI'ogqr (X) is simple.

Lemma 2.2. Suppose X is log smooth and proper, then we have
Hliong(X) = Hliong(X)

for all v > 0.
Proof. The proof of [Bos23a, Lemma 5.11] goes through. O

We are mainly interested in the case where the log structure of X comes from a strictly normal
crossing divisor D C X. Following [Gro66], [Kie67a] and [Del70], we give the following definition.
Definition 2.3. Suppose X is a smooth rigid analytic variety over L, D C X is a strictly normal
crossing divisor, and U = X — D. Let ¢ > 1.

(i) We define Q% (xD) to be the differential i-forms on X with meromorphic poles along D. In
other words, let _# be the ideal sheaf associated to the closed immersion D — X, then

Q% (+D) := hﬂ%omox(/",ﬁg().

(ii) We define Q% (log D) to be the differential i-forms on X with logarithmic poles along D. In
other words, Q% (log D) contains the elements w of Q% (xD) such that w and dw have a pole of
order at most 1.

We can also give a local description of the structure of Q% (log D). Suppose that X = Spa(R, R*) —
DY := Spa(L{z1,...,xq), Or(x1,...,24)) is an étale map, and D C X is the divisor defined by
z1--xq = 0. Then Q% (log D)(X) is the free R-module generated by ‘%1, s %‘i. For i > 1 we
have Q& (log D) = AP(Q% (log D)) by [sta, OFUP].

On the other hand, a strictly normal crossing divisor D C X gives X a natural log structure,
and we refer the reader to [DLLZ23b, Example 2.3.17] for a description of this log structure. The
next lemma compares Qégog (the universal object among derivations) and Q% (log D).
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Lemma 2.4. We have a natural isomorphism
op
Q5% = Q% (log D),

for each i > 1, where the log structure o : M — Ox is given by the strictly normal crossing divisor
DcX.

Proof. We only need to prove the lemma for ¢ = 1. We recall that, by the local description of
Ql)gog in [DLLZ23b, (3.2.7)], Ql)?g is the quotient of Qx @& (Ox ®z MIP) by sheaf of submodules K
generated by (da(m), —a(m) @ m)

Define ¢ : Qx @ (Ox ®z M) — QL (log D) as blw, fom) = w—i—fcm. Since ¢(K) = 0, it
induces a morphism of sheaves ¢ : Ql)?g — Qx(log D). We need to show that ¢ is an isomorphism.
We can check it étale locally. By [DLLZ23b, Corollary 3.1.11], we may assume that there exists
a strictly étale morphism X = Spa(R, Rt) — D9 := Spa(L{x1, ..., x4), O (21, ...,24)), and the log
structure on D? is the log structure associated to the pre-log structure N — L(x1, ..., 24), sending
e; to T; for a basis {ey, ..., e4} of N%. By [DLLZ23b, Theorem 3.3.17.(3)] and the local description of
Qx(log D), we may further assume that X = D9 As both sides are coherent sheaves, it is enough
to check the isomorphism at global sections.

According to [DLLZ23b, Proposition 3.2.25] (taking P = @ and Q = N¢ = @%_, Ne;), we have

d
QB (X) >~ P L (w1, ... ) 0(es),
i=1

where §(e;) := ¢(0,1®¢;). Then ¢ sends d(e;) to x; 'dx;. This completes the proof. O

Now we endow X with the log structure defined by the open immersion U — X. Since X is
log smooth (e.g. see [DLLZ23b, Example 3.1.13]), Q% (log D) is a coherent sheaf, and therefore
has a natural structure of sheaves of K-Banach spaces, and we have a natural condensed sheaf of
Ox-modules Q% (log D).

We want to compare the logarithmic de Rham cohomology of X and the de Rham cohomology
of U. This leads to the following theorem.

Theorem 2.5. Suppose X is a smooth rigid analytic variety over L, D C X is a strictly normal
crossing divisor, and U = X — D. Then we have (non-filtered) quasi-isomorphisms in D(Mod$?):

RI'(X, Q% (log D)) = RT4g (V).

Proof. As both sides satisfy analytic descent, by the existence of tubular neighborhoods, by [Kie67a,
Theorem 1.18], we may assume that X = Sp(A (z1, ..., z4)), where A is a smooth affinoid L-algebra,
and D is defined by the equation g := z1---24 = 0. We note that U is a quasi-Stein space (see
[Kie67b, Definition 2.3] for the definition): U can be expressed as the increasing union |J U,, where
Up = Sp(A(z1,....,2q,0"/9)). As Q% (log D) (resp. €f;) are complexes of coherent sheaves over X
(resp. U), we are reduced to showing that we have a quasi-isomorphism in D(Mod$™?):

0% (log D)(X) — Q5 (U)

by [Bos23a, Lemma 5.6] and [Bos23a, Lemma 5.9] (which also applies for quasi-Stein spaces). Here
Q% (log D)(X) is a complex of L-Banach spaces, and Qf;(U) is a complex of L-Fréchet spaces.
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According to [Kie67a, Theorem 2.3] (and its proof), Q% (log D)(X) — Q7,(U) is a quasi-isomorphism
in D(Modp,). Therefore, to show that the same statement is true for complexes of condensed abelian
groups, by [Bos23a, Lemma A.33] it suffices to show that for each i > 0, QY (log D)(X) < Qi (U)
has closed image (then the map Q% (log D)(X) — QF;(U) is injective, and the quotient is a complex
of L-Fréchet spaces which is acyclic). It suffices to prove the claim for ¢ = 0, 1.

In fact, it suffices to prove the claim for i = 0: as Qx(log D)(X) is a projective O(X)-module,
it is a direct summand of O"(X) for some r, then Qx (U,) is the direct summand of O"(U,,). Then
Qx((U) = Hm Qx(Uy) is the direct summand of O"(U) = lim O(U,). If we know that O(X) —
O(U) has closed image, then O"(X) — O"(U) also has closed image, therefore Qx (log D)(X) —
Qx(U) has closed image by projections.

We are left to show that O(X) — O(U) has closed image. We have a chain of inclusions

O(X) = A<$1,...,$d> C O(U) c---C O(Un) e C O(UO) = A<.’171,..-,517d7x1‘]:.xd>'

To prove the claim, it suffices to show that if f € O(U) and f ¢ O(X), then f is contained in an open
subset of O(Up) that does not intersect with O(X). In fact, we can write f as f = > 74 auz",

where we write 2% = 2} -+ 2} for w = (w1,...,wy) € Z%, and a,, € A. f ¢ O(X) means there
exists some w ¢ N? such that a,, # 0. Then for N sufficiently large, (f +pNO*(Up)) N O(X) = @.
This completes the proof. ]

Remark 2.6. While we restrict to the case that D C X is a strictly normal crossing divisor,
Theorem 2.5 also holds for any log smooth rigid analytic variety over L, i.e., if X is log smooth
over L and U := Xj, is the trivial locus of X (i.e., the largest open where the induced log structure
is trivial), then we have (non-filtered) quasi-isomorphisms in D(Mod$"?):

RI(X, Q%8*) = RIgr (U).

The proof is similar to the case for schemes: we can perform log-blow-ups so that X — U is a
strictly normal crossing divisor, and doing log-blow-ups will not change the logarithmic de Rham
cohomology. However, as several ingredients are missing in the context of rigid analytic varieties,
we will deal with this problem in our forthcoming works [Sha26a].

3. PERIOD SHEAVES

We review the definition of period sheaves for log adic space and their local properties, which
follow from [DLLZ23a].
Suppose X is an analytic fs log adic space over Spa(Qp, Zy).

3.1. Definitions. We begin with some basic definitions.

Definition 3.1. The following are defined to be sheaves on X o4t (see [DLLZ23Db, Definition 5.1.2]
for the definition):

(i) We define Ay := W(@ﬂ, ) and By := Ajur [1/p], where the latter is equipped with a

prokét
natural map 6 : Bj,y — O X prokét -
1i 1 = n in "
(ii) We define the positive de Rham sheaf B}, := limyen Bing,x /(ker 6)™ with filtration given by
Fil"' Bl := (ker )"B;.
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(iii) We define the de Rham sheaf Bqg := Bl [1/¢], where ¢ is a generator of Fil' B};. The
filtration of Bqr is given by Fil" Bar := > _ cz,1 >0 ¢t~ (ker )" B .

The following proposition shows that pro-Kummer étale locally these period sheaves are given
by the relative period rings.

Proposition 3.2. [DLLZ23a, Proposition 2.2.4] Suppose U € Xporet is a log affinoid perfectoid
object with associated perfectoid space U = Spa(R, R") (see [DLLZ23b, Remark 5.3.5] for the
definition), then

(i) For F € {OF, 0" Ant, Bing, Bir, Bar }, we have F(U) = F(R, R").

(ii) H(U,B}g) = 0 and H'(U,Bgg) = 0 for j > 0.

All these period rings carry a natural condensed shea£ structure defined as follows: For a given X
an analytic log adic space over Spa(Qy,Z,) and F € {OT, O, Ay, IB%inf,IBIR,IBdR}, denote B the
basis of Xpoket consisting of log affinoid perfectoid objects U € Xproket, then for any U € B, F(U)
carries a natural structure of topological abelian groups, by giving @+(U ) the p-adic topology, and
endowing all other period sheaves with induced topology, as explained in [Sch13a, Corollary 6.6].
We can then associate to F a condensed abelian sheaf F on Xpost, such that F(U) = F(U) for
all log affinoid perfectoid objects U € B.

We pass now to condensed pro-Kummer étale cohomology. We begin with the definition of
condensed pro-Kummer étale cohomology.

Definition 3.3. Let X be an analytic log adic space over Spa(Qp,Z,). Denote by *,_ o the site
of k-small profinite sets with coverings given by finite families of jointly surjective maps. There is
a natural morphism of sites

fcond : Xprokét — ¥ —proét

defined by sending a profinite set S to X xS € X1ok¢t. For a sheaf F of abelian groups on X, ke,
we define the condensed pro-Kummer étale cohomology of F by

RFprokét(Xa Jr) = Rfcond,*-/r~
Denote by H]f)rokét (X, F) := R feona«F its i-th cohomology group valued in CondAb.

Remark 3.4. When X is an analytic log adic space over Spa(C,Oc¢), denote by f : Xprokst —
Spa(C, O¢)pro¢t the morphism of sites, then the above definition coincides with the derived push-
forward of f, i.e. we have RT poket (X, F) = RfsF.

Proposition 3.5. Let X be an analytic log adic space over Spa(C, O¢) and F € {(5“‘, O"F, Aing, Bin,
B:{R,BdR}. For any log affinoid perfectoid object U € B and profinite set S € *,._prost, we have
F(U x 8) =%€°(S, F(U)).

In particular, we have
prokét (U, F) = Hpoiee (U, F)

for alli > 0.

Proof. The proof of [Sch13a, Corollary 6.6] or [Bos23a, Corollary 4.9] goes through. O
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Now let X be a locally Noetherian fs log adic space over Spa(K, Ok). We recall the definition
of OBgR,log, a log version of the geometric de Rham period sheaf OBggr. This notation and these
properties will be used in the following sections.

Let U = lim;er U; € Xprokst be a log affinoid perfectoid object with U; = (Spa(R;, Rj), M, ;)
for each i € I and the associated perfectoid space U = Spa(Rao, RL), where (Rso, RY) is the
p-adic completion of colim;er(R;, Rj), which is perfectoid. For each ¢ € I, write M; := M,;(U;).
By [DLLZ23b, Theorem 5.4.3], (O(U),0F(U)) = (Ros, RL), and the tilt of (O(U), O (U)) is
(R%F,R%). Define M := Mx, . (U) = limjes My, M® := M (U) = limg,qr M, and %

proké
M’ — O’ the induced map.

Definition 3.6. (i) The period sheaf OB, log 15 defined to be the sheaf associated to the presheaf

e

o (m”)]

prokét

Nker 014
U v ting (B By oy it (U)) [1/5] (i, 1) € M; X1 M"]
el
Here & is the p-adic completion of the tensor product, [a”(m”)] is obtained by the multiplicative
map

RY = W(RP)1/pl/€" < [ [f]
induced by R*> — W(R*?), for each r > 1, and
(67 (mz)

Orog = (R @w (iyAine(U)) [1/p] [[ab(mb)]’<

mi,mb) € M; XMMb] — Reo

o (my
[a;Em;;]) = 1 for any
(mj, mb) e M; xyy M > In above, “Ayer 9log” means the completion with respect to the ker 0),5-adic
topology, and we take the direct limit after the completion. We equip OIB%;RJOg with the filtration
Fil” OB 1, := (ker Oiog) OB g 1, -

(ii) The period sheaf OBgg jog is the completion of the sheaf OIBB;R’IOg [1/t] with respect to the
filtration defined by Fil" OBIR,log [L/t] =3 cz.rtj>0 t=7 (ker Glog)r+jOBIR710g.

There is a natural log connection

is induced by the map R — RL, 0 : Apns(U) — RE such that 6o (

. + + log
VOB 1og = OBiR 10g ®Ox Qy

prokét
on OIB%(TR log which is defined as follows: By abuse of notation, we still denote by Ql;g the pullback of

log differential sheaf Ql)?g along the morphism of sites Xoket — X¢t, and we may write (’)IB%;;R log(U )
as

OB 10g(U) = lim §; = lim lim(S; , / (ker fiog)°).

iel iel rs
Here ()
~ [e7ANUZ
Sir = (R Qwky(Ains(U))/€7) [1/p] o ()] (mi,m’) € M; xpr M°|
and S; := ££nT7S(Si7T /(ker B15)*). Then there is a unique B (U)/£"-linear log connection

Vir : Sir — Sir QR Ql)(;g(Ui)
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extending derivations d : R; — Ql)?g(Ui) and § : M; — Ql)?g(Ui) such that
a;(mi) ai(m;)
v, — 5(ms
o () = oy
for any (m;, mb) € M; x 3y M°. Then the definition of Vir gives
Vi ((ker biog)*) C (ker flog)* ™" @r, QF(U5)

for all s > 1. Then the ]B%é{R-linear log connection

. + + log
V1 OB iog = OBiR log @0x,, 0 $2X

prokét
is obtained by taking
/\ er
V = hﬂ@ (vZ; 910%) .
el T
By inverting ¢, V further extends to a Byr-linear log connection

V : OBgR,log — OBaR,log RO e l)?g,
satisfying
V (Fil" OBgR 1og) C (Fi' ! OBariog) @0y = Q98

prokét

for all r € Z.

3.2. Local study of Bgr and OBgr1,s. We briefly discuss the local properties of Bqgr and
OB4R log, as studied in [DLLZ23a, 2.3]. Let P be a toric monoid (i.e., an fs sharp monoid).
Let

E := Spa(K(P), Ok (P))
with the log structure induced by the natural map P — K(P). The log adic space E admits a

pro-Kummer étale cover as follows. For each m € Z~q, let —P be the toric monoid such that
m

1 1

P < —P can be identified with the multiple map [m] : P — P. Let Pgy., := colim,, <P> and
m = m

P := (Pgs,)®" ~ P © Q. Let

)

equipped with the log structure induced by %P - K <%P> The morphism E,, c — E¢ is a finite
Kummer étale cover with Galois group

Iy, = Hom(P®P, w,,),
where p,,, is the group of the m-th roots of unity in C'. Denote the log affinoid perfectoid object by

Ec := hgln Em,C € IEC’,prokét;

1 1

where for m|m’, the transition maps are induced by —P < — P. Then we have the associated
m m

perfectoid space

~

EC = Spa(C<PQ20>7 OC(‘DQZo))'
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The morphism IEC — E¢ is a Galois pro-finite Kummer étale cover with Galois group
I = Hom(P/P¥, p1.,),
where o := UpnenHy,. The natural action of I' on Oc(Pyg,,) is given by

(1) = A(a) T
for all v € I and a € Pgy.,, where T is the corresponding element of a in Oc(Pg.,)-

Suppose X = Spa(R, Rﬂ is an affinoid fs log adic space of finite type over sz;(K ,Ok) with a
strictly étale morphism X — Ef,\ which can be written as a composite of rational embedding and

finite étale maps. Pulling back IEC — E along X — E, we get

X = Xc xgg Ec = Spa(Reo, RL),
which is a Galois pro-finite Kummer étale cover with Galois group I'.
Let Bar| g, [[P’]] be the sheaf of monoid algebras. For a € P, denote by e the image of a in
BdR|Xc[[‘PH via the natural map P — BdR’j{CHPH ta— e’ Let m C Bde}C [P] be the sheaf of
ideals generated by {e® — 1},cp, and denote by

Bar| g, [P — 1]] := Im(Bqr| g [[P]]/m").

Consider the monoid homomorphism (with respect to the additive structure on Byg| %o [P —1]])
> 1
. ay .__ -1 a l
P = Barlg, [P —1]] : a = log(e") := ;(1) (e =1,
which uniquely extends to a group homomorphism

P = Bar| g [P — 1] s a > ya = log(e®") — log(e® ),

where a = a™ —a~ for a™,a” € P. Choose a Z-basis {a1,...,a,} of P®P and for each j = 1,2, ..., n,
denote by y; := ya;, then we have a canonical isomorphism of Bqr| Xc—algebras:

Barlg, [[y1: - ynl] = Bar |z, ([P — 1] : yj = yj == va,,
matching the ideals (y1,..,y,)" and (&, y1, .., yn)" of the source with the ideals m" and (£, m)" of the
target, respectively, for all r € Z.

Now, similar to [Sch13a, Proposition 6.10], we can give a local description of (’)IB%:{R log" Re-
call that we denote by U = l'#rnie / Ui € Xprokét /)Z'C a log affinoid perfectoid object with U; =
(Spa(R;, Rf), M;, ;). Denote by o+ M = limgyqr M — O the induced map. Consider the map
(note that the sheaf M”| %, s generated by Py, and lim fesfp 0% |

Xt | X o therefore o’ (a) makes
proké

X
sense)

a(a)
[0*(a)]
which sends (£, m) to ker(fiog), so this map induces a map Byg| )?CHP —1]] — S;. After taking
completion and sheafification, we obtain a map

IB(—;R )Z'C[[P B 1“ - OIB(—i‘rR,log‘)?C (31)

(Bir(U)/€N[P] = Sip : e — , forall a € P,



ON THE PRO-KUMMER ETALE COHOMOLOGY OF Bggr 13

on Xprokét /)?C The map is compatible with filtrations on both sides, where the filtration on
Bl % [P —1]] is given by Fil" Bz g MP = 1]] = (&, m)"Big % [P —1]] for all r € Z. We have
the following proposition.

Proposition 3.7. [DLLZ23a, Proposition 2.3.15] The map (3.1) is an isomorphism of filtered
sheaves.

Remark 3.8. In fact, for U = @ie I U; as above, the natural map §Z — OIB%QFR log(U ) is already
an isomorphism.

Remark 3.9. We can also describe the log connection of OIB%:{R log using this isomorphism. In fact,

choose a Z-basis {a1,...,a,} of P&, write a; = aj —a; for j =1,2,....n, then y; = bj —b; =
log (e“;r ) —log (e“; ) and the isomorphism (3.1) sends y; to a(b;.“ ) — a(b;) Therefore
7 T )] e (b)) ’

J

ab}) o))\ _ o
Vi) =V ([awbj)]) -v <[ab(bj)]> = 8(a) = 8(ay) = 3(ay).

We note that, over )N(C, the log connection of (’)IB%:{R log is compatible with the canonical one of the

polynomial algebra Bde}CHyl, <y Yn)], since Ql)(gg ~ D), Oxd(a;) by [DLLZ23b, Theorem 3.3.17,
Corollary 3.3.18, Proposition 3.2.25, and Corollary 3.2.29].

Corollary 3.10. [DLLZ23b, Corollary 2.3.17] The isomorphism 3.1 induces isomorphisms
Fil" OBp 1, = t"Bgp {W1, ..., Wy}

over Xprokét/)zc, for allr € Z. Here IB(}LR{Wl, ey Wi} is the ring of power series that are t-adically
convergent, and

Wi =ty
for each 1 < j <n. In particular,

gr” OBR jog ~ 1" Ox Wi, ..., Wal,

prokét [

for all r € Z.

The above discussion allows us to deduce the Poincaré lemma for OIB%IR log and OBgR jog With
log connections.

Proposition 3.11. [DLLZ23a, Corollary 2.4.2] Let X be a log smooth rigid analytic variety with
a fine log structure defined over K of dimension n. Then we have an exact sequence of sheaves on
Xprokét :
v log,1 V v 1
0— Bl — OBXR’IOg N (’)]Béjmog R0y QxS = = OIBBQ“R’IOg R0y 22" — 0.

The exact sequence of sheaves also holds if we replace B:{R and (’)IB%CJ{R log with Bqr and OBgR log,
respectively. For r € 7 we also have compatible exact sequences of sheaves on Xproket

0 — Fil" Bygr — Fil” OBdR,log —V—> (Fﬂr_l 0BdR,log)®0X Ql)vzg,l _V_) cee _V_) (Fil"™™" OBdR,log)®0X Ql)?g,n — 0.
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4. THE PRO-KUMMER ETALE COHOMOLOGY OF B[, AND Bgg

We will establish an analog version of [Bos23a, Theorem 1.8] for log adic spaces. Moreover, we
will also construct a fully faithful functor from the category of filtered O x-modules with integrable
connections to the category of Byr-local systems, thereby generalizing [Sch13a, Theorem 7.6].

We start with the definition of local systems for log adic spaces. Let X be a log smooth rigid
analytic variety over K, equipped with a fine log structure.

Definition 4.1. (i) A ]E%:{R—local system is a sheaf of IB%;;R—modules M that is locally on Xproket
free of finite rank.

(ii) An OIB%IR’I og-module with integrable log connection is a sheaf of OIB%IRJO ,~modules M that
is locally on X0kt free of finite rank, together with an integrable log connection

VM= Moo, Q%
satisfying the Leibniz rule with respect to the derivation V of OIBB(‘;R log*

Theorem 4.2. The functor
+ — (vt + :
M > (M, Vag) = (MF @y OB 140V

gives an equivalence between the category of IB%:{R—local systems and the category of OIB%XR log—modules

with integrable log connection. The inverse is given by (M, V) = Mt := (M)VM=0

Proof. 1t is clear that for a IB%:{R—Iocal system M,

V=0
(M* @ps OBfp )  =M".

We need to show that for (M, V) a OIBB:{R log-module with integrable log connection, the natural
morphism

Vo= ~
(M)¥M 0 ®B:R OB(J:IFR,log = M,

is an isomorphism. The problem is local, so we can use Proposition 3.7 and reduce to the case that
X = Spa(R, R") — E is a strictly étale morphism, which can be written as a composite of rational
embedding and finite étale maps. Now suppose M is a locally free B (R*)[[y1, ..., yn]]-module
with an integrable log connection Vs, using Remark 3.9 and [Kat70, Proposition 8.9], we have
M ~ MV=0 ®pt (R) Bix (R>)[[y1, ---, Yn]], which concludes the proof. O

Definition 4.3. [Sch13a, Definition 7.4 and Definition 7.5] (i) A filtered O x-module with integrable
log connection is a locally free Ox-module £ on X (with étale, pro-étale or analytic topology, since
they are all equivalent), together with a separated and exhaustive decreasing filtration {Fil" £},¢z,
by locally direct summands, and an integrable log connection V satisfying the Griffiths transver-
sality.

(ii) We say € and an (’)IB%IR’IO g—module with integrable log connection M are associated if there
is an isomorphism of sheaves on X,;okst

Moy, | OBdrlog = € ®0oy OBar og;
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compatible with filtrations and connections, where the filtration on the left side is the one compat-
ible with that on OBggRog, i-e.,

Fil'(M®ogy, | OBar,log) = | Z§;>0 t77 (ker flog) "I M.
JELT ]2

Theorem 4.4. (i) If M is an OB log~Todule with integrable log connection and horizontal section
M, which is associated to a filtered Ox-module with integrable connection &, then

I\/JIJr = Fﬂo(g ®(’)X OBdR,log)vzo
Similarly, one can reconstruct £ by
Est ™~ Uy (IMI+ ®B§R OBdR,log) )

with the log connection on OBgR 1oy and the filtration induced by those on M and OByR,10g. Here
v is the morphism of site Xproker — Xet-
(i) If £ is an Ox-module with integrable log connection, the sheaf

M* = Fil’(€ ®0, OBdr,1og)¥ "
is a IB%(J{R—local system such that € is associated to M = M™T ®BIR OBdR, log-

In particular, the functor sending £ to M™ is a fully faithful functor from the category of filtered
Ox-module with integrable log connection to the category of BIR—local systems.

Proof. The proof goes as the same way as the proof of [Sch13a, Theorem 7.6], by replacing OBgr
with OBgg jog and Qx with Q9. O

Definition 4.5. Let X be a log smooth rigid-analytic variety over K with fine log structure. Let
(€,V,Fil*) be a filtered Ox-module with integrable log connection. We define the log de Rham
complex associated to (£,V) by

logdRS; = [£ 5 £ mo, O T Emo, A2 ]
We equip long§( with the filtration given by
Fil" logdRE, := [Filr £ L FI 0o, Q¥ LRI 26 0o, 02 Y, }

for r € Z.
(i) For i > 0, the condensed de Rham cohomology group Hfong(X , &) with coefficients is defined

to be the i-th cohomology group of the complex
RFlOng(’X7 g) = R«F(X, %)

of D(Mod$end).
(ii) We define the complex in D(Mod‘}?nd)

Rl ogdr (X Byg, €) = RT(X, logdR% ®% Bar),
and we endow it with the filtration induced from the tensor product filtration.

We will prove the following theorem.
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Theorem 4.6. Let X be a log smooth rigid analytic variety defined over K with fine saturated
log structure. Let (£,V,Fil®) be a filtered Ox-module with integrable log connection and associated
B g -local system M. Denote by M := M*[1/t].

(i) We have a i -equivariant, compatible with filtrations, natural quasi-isomorphism in D(Mod(j?nd):

RI'roket (X, M) ~ RINogar (X Byg» €)-

(ii) Assume X is connected and paracompact. Then, for each r € Z, we have a natural Yy -
equivariant quasi-isomorphisms in D(Mod$e"?)

RT proket (X, Fil" M) = Fil" (RTjogar (X, £) @ Bar),

where RTjogar(X) is the log de Rham cohomology complex in D(Mod§2™), and the filtration is
induced by the tensor product filtration.

To prove the theorem, we need the following proposition, which comes from the local study of
Bar and OBy 1og, as in Section 3 and we follow the notations there. Suppose that X = Spa(R, RT)
is an affinoid fs log adic space of finite type over Spa(K, Ok ) with a strictly étale morphism X — E,
which can be written as a composite of rational embeddings and finite étale maps. Pulling back

IEC — E¢ along X — E, we get

)ZC = XC XIEO IEC = Spa(Roo, Rjo),
which is a perfectoid log affinoid adic space.

Proposition 4.7. [Bos23a, Lemma 6.11] Suppose S € *, prost, then we have

. : (S, ROk C(j)) ifi=0
Hy okt (X xS, gr! OBgR jog) = {0 ifi>0°

where C(j) is the Tate twist of degree j for any j € Z.

Proof. By twisting we can reduce to the case j = 0. When S = x, this is [DLLZ23a, Lemma

3.3.15]. For the general case, since IEC — E¢ is a Galois pro-finite Kummer étale cover with
(ialois group I', the Cartan—Leray spectral sequence associated to the affinoid perfectoid I'-cover
Xco xS — X x S, combined with the vanishing theorem for gr? OBgRr,10g (by Proposition 3.2 and
Proposition 3.5) gives

Hpyoree (X % S, g1” OBar log) = He

P cont

(T, g OByr 1o (Xc % 9))

for i > 0. Note that XC x S = Spa(€°(S, Rxo), €°(S, RL)). The proofs of [LZ17] and [DLLZ23a,
Lemma 3.3.15] give H i (Xo x S, gr” OBar log) = 0 for i > 0 and

H[())rokét(XC X S, gl"o OBdR,log) = ‘50(5, R)@KC

The proposition then follows from the fact that €°(S, R)®xC ~ €°(S, R®xC), which follows from
[PS10, Corollary 10.5.4]. O
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Proposition 4.8. Let X be a log smooth rigid analytic variety defined over K with fine log structure.
Let (£,V,Fil*) be a filtered Ox-module with integrable log connection and associated B;R—local
system M* := Fil"(€ @0y, OBdR 1og)V ", and M = MT[1/t]. Denote by A the morphism of sites

Xprokét/XC = XC,prokét — XC,ét,cond-
Then we have a natural quasi-isomorphism of complexes of sheaves valued in D(Modﬁ?nd) on Xcgt:
(RAM)Y ~ logdR% @} Bar,

where the notation (—)Y is defined in [Bos23a, 2.3]. Moreover, the quasi-isomorphism is compatible
with filtrations, where the filtration on the right-hand side is given by the tensor product filtration.

Proof. Suppose X is of dimension n and connected. Denote by M the (’)IB%:{R log—module with
integrable log connection associated to (£, V,Fil®*) , and

M’ =M ®OB§R,log OBdR,log ~ & ®(9X OBdR,log-

The logarithmic Poincaré lemma gives an exact sequence of sheaves on X¢ proket:

0 M- M 5 Moo, Q8 Yo Y M g, Q%" 0,
which is also exact after taking Fil" again by the logarithmic Poincaré lemma:

0 — Fil’ M — Fil’ M’ 5 (Fil' ' M) @0, Q98! Y5 oo X (FI " M) @0, Q%™ — 0.
Therefore, we have a natural quasi-isomorphism between (RA.M)Y and
v
C* = RA, [M’ Y M @0, 2 Y M g0, ngggv”] :

which is compatible with filtrations.
We claim we have a natural filtered quasi-isomorphism

logdR%, @ Bar — C° (4.1)

of complexes of sheaves on X¢ 4 (as explained in the Lemma 2.5 of [LZ17], we can regard them as
sheaves over X¢¢4;). To construct this morphism, it suffices to define a natural morphism Ox ®1.(
Bir — (AOBgr,log)Y of sheaves on X ¢, which is compatible with filtration. This is already
constructed in the proof of [Bos23a, Corollary 6.12] (also in [LZ17, Lemma 3.7] and [DLLZ23a,
Lemma 3.3.2]).

As explained in [Bos23a, Corollary 6.12], since the filtrations on longi ®I.( Bgr and C*® are
exhaustive and complete, by [BMS19, Lemma 5.2], it suffices to show the natural morphism (4.1)
is a quasi-isomorphism on graded pieces, which means that for any j € Z, we have a natural
isomorphism

gr’ (longi @ Byr) — g1’ C*

on Xcg¢t. Since (4.1) is also compatible with respect to the naive filtration on both sides, it suffices
to show that for any locally free Ox-module F on Xg of finite rank, we have a natural quasi-
isomorphism

£®I.{ grj Bar i) R, (V*]: Rox grj OBdRJOg)v (4.2)
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on Xc, for any j € Z, where v @ Xpokst — Xe¢t. Then we can check (4.2) by checking graded
pieces at each degree on both sides of (4.1). Write A : X¢ proket — X ét,cond 88
Al
XC',prokét i> XC,proét — XC,ét,cond;
and write v as )
Xprokét — Xproét V_> Xét-
According to the proof of [Bos23a, Corollary 6.12], we have a natural quasi-isomorphism
£®?( grj BdR i) R)\fk (V/*./_" ®(9X gI‘j OBdR)v

on X, for any j € Z. Therefore, it suffices to show that we have a natural quasi-isomorphism

RN, (V*F ®0y g! OB4r) = R\ (V' F ®0y gr! OB4R 1og)

on Xc¢ proét, for any j € Z. Since F is locally free, by applying projection formula to the pullback
of F along X¢ ¢t.cond — Xe¢ on both sides, it suffices to show that there exists a natural quasi-
isomorphism

R)\j|< (grj OBdR> — R\, grj OBdR,log
for any j € Z, which follows from [L.Z17, Lemma 3.7] and [DLLZ23a, Lemma 3.3.2]. O

Now we can prove Theorem 4.6.
Proof of theorem 4.6. The morphism of sites A : X¢ proket — X ét,cona factors as
A2 XCprokét = X0 prokét.cond — X ét.cond-
We have
RT proket (X, M) o R prokeét.cond (X ¢y RpteM) =~ Rét cond (X, RAM) =~ RT¢ (Xc, (RAM)Y).

Let € : X4 — Xg be the base change morphism, then the above property, combined with [Bos23a,
Lemma 5.6] and [Bos23a, Lemma 6.13], gives

Rrprokét (XC'7 M) = RFét (Xa Re, (R)‘*M)v) = Rrét (Xa IOngi— ®?( BdR)7

which conclude the proof of (i).
For the second part, it suffices to show that the natural morphism

Fil" (RF]Ong(X, 5) ®§<. BdR) — RF(X, Fil" (longi ®?( BdR)) ~ RFprokét (Xc, Fil" M)
is a quasi-isomorphism. As both sides satisfy analytic descent, we may assume moreover that X
is quasi-compact. Since X is paracompact, the claim then follows from [Bos23a, Theorem 5.20],
by applying it to each Fil* RI6gdr (X, €) ®f(' Fil/ Bgg for i + j = r, and noting that RT'(X, —)
commutes with filtered colimits. O

Remark 4.9. If X is a quasi-compact smooth rigid analytic variety over K, we have a Y-
equivariant, compatible with filtrations, natural isomorphisms in D(Mod‘j?nd):

RT proket (X M) = colimjen R proket (Xcs Fil~7 M)
~ colimjey Fil_j(RFbng(X, £) ®f(. Bar)
= erong(Xv g) ®§(. BidR’
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The first isomorphism follows from the fact that the site Xpokst is coherent, see [DLLZ23b, Propo-
sition 5.1.5]. The second one is the above theorem. The last one follows from the fact that ®f{'

commutes with filtered colimits, and filtered colimits are exact in D(Mod$2"?), as Mod$"? satisfies
Grothendieck’s axiom (AB5).

Remark 4.10. This theorem allows us to compare the pro-étale cohomology and pro-Kummer
étale cohomology of period sheaves. Suppose that X is a smooth rigid analytic variety over K,
D C X is a strictly normal crossing divisor, and U = X — D. Endow X with the log structure
coming from D. Then the canonical morphism

R pro6t (X, Bar) — R proket (U, Bar)

is a (non-filtered) quasi-isomorphism in D(Mod$2®?). This follows from Theorem 2.5, Theorem 4.6,
and [Bos23a, Theorem 6.5].

Remark 4.11. One can define filtered Ox,,-modules with integrable connections over Xy in
the same way, leading to analogous results. In fact, by [DLLZ23b, Definition 4.3.6], a coherent
Ox,.,-module is locally the inverse image of a coherent sheaf on the analytic site of X.

Remark 4.12. If X is a log smooth, proper rigid analytic variety over K and (£, V, Fil®) is a filtered
Ox-module with integrable log connection, then by Lemma 2.2 and the finiteness of coherent sheaf
cohomology on proper rigid analytic varieties, we have Hfong(X ,E) = Hfong(X , &) for all i > 0.
Therefore ' ‘

H@(X, 8) ®’( @ = leong(Xv 5) QK Bar-

In particular, this recovers the comparison theorem in [DLLZ23a, Theorem 3.2.7], where they
generalize [Sch13a, Corollary 1.8].

5. LOGARITHMIC B;R—COHOMOLOGY FOR RIGID ANALYTIC VARIETIES

In this chapter, we focus on logarithmic rigid analytic varieties over C. As outlined in the
introduction, establishing a meaningful log de Rham-étale comparison theorem requires developing
a B;“R—cohomology theory for such varieties. To achieve this, we adopt the approaches presented
in [BMS18] and [Bos23b].

This chapter is dedicated to proving Theorem 1.4, which is essential in formulating the semistable
conjecture for the geometric case as stated in [Sha25]. To maintain focus, we limit our exploration
of logarithmic B:{R—cohomology to the essentials. A more comprehensive study of logarithmic B:{R—
cohomology, along with logarithmic B-cohomology, will be presented in a subsequent article.

5.1. Preliminary: The L7 functor. We review a construction introduced in [BO78] and gener-
alized in [BMS18], which is essential for the construction of logarithmic B(J{R—cohomology.

Let (T,Or) be a ringed topos. Denote by D(Or) (resp. K(Or)) the derived category (resp.
homotopy category) of Op-modules. Let (f) C Op be an invertible ideal sheaf.

Definition 5.1. [BO78, Definition 8.6] Let M* € K(Or) be an f-torsion-free complex of Op-
modules. Define a new f-torsion-free complex nyM® € K(Or) as

np(M®) = {x € f'M'|dx € {1 M}
for all 7 € Z.
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By [BMSI8, Remark 6.3], the definition of 7y depends only on the ideal sheaf (f), and it is
independent of the generator of (f). According to [BMSI8, Corollary 6.5], ns factors canonically
over a (not triangulated!) functor

L?]f : D(OT) — D(OT)

on derived categories.

We now define a filtration on LnyM. We refer the reader to [BMS19, Chapter 5] for notation
and basic properties of filtered derived oo-category of Op-modules. Recall that the filtered derived
oo-category of Op-modules is defined to be

DF(Orp) := Fun(Z°?, D(Or)).
For F € DF(Or), we denote by ‘
g (F) = F(i)/F(i +1)
the i-th graded piece of F.

Definition 5.2. For M € D(Or), we define Fil* Ln;M a filtration on LnsM as follows: choose
a representation M*® € K(Or) of M such that each M" is f-torsion-free. Then the i-th level of
Fil* Ly M is given by

Fil' Ly M == f'M* NnpM®.
The fact that this filtration is well-defined follows from Proposition 5.5.

To understand the filtration on LnyM, we recall the following definition from [BMS19], which
elaborates of [Bei87, Appendix A].

Definition 5.3. [BMS19, Definition 5.3] Let DF<°(O7) C DF(Or) be the full subcategory con-
sisting of objects F' such that gr'(F) € D<!(O7) for all i. Dually, DFZ%(Or) ¢ DF(Or) is the
full subcategory consisting of objects F' such that F(i) € DZ*(Or) for all i. We call the pair
(DF=°(O7), DF=°(O7)) the Beilinson t-structure on DF(Or).

This definition is justified by Theorem 5.4 below.

Theorem 5.4. [BMS19, Theorem 5.4] (1) The Beilinson t-structure (DEF<(Or), DFZ(Or)) is
a t-structure on DF(Or).

(2) Let 7';0 denote the connective cover functor associated with the t-structure from (1). Then,
there exists a natural isomorphism

grt 07']%0(—) ~ 7150 gri(—).

(8) The heart of the Beilinson t-structure, defined as
DF(0r)® := DF=(O7) N DFZ%(Or),

is equivalent to the abelian category Ch(Or) of chain complexes of Op-modules. This equivalence
can be described as follows: for F € DF(Or), its 0-th cohomology H%(F) in the Beilinson t-
structure corresponds to the chain complex (H®(gr®(F')),d), where d is the boundary map induced
by the exact triangle

grt (F) = F(i+1)/F(i +2) = F(i)/F(i +2) = F(i)/F(i + 1) = gr'(F).

We cite the following proposition of [BMS19], which describes the structure of the filtration of
the décalage functor.
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Proposition 5.5. [BMS19, Proposition 5.8] Fiz M € D(Or). Let f* @ M be the f-adic filtration
on M, i.e., the i-th level of the filtration of M is f* @ M with obvious maps. Then LnyM is filtered

isomorphic with T;O(f* ® M) in DF(Or).
We list some results of Ln;, which will be used in the rest of this chapter.

Proposition 5.6. (1)[BMS18, Lemma 6.10] If M € DZ°(O7) such that HO(M)[f] = 0. Then there
is a canonical map Fil* Lny M — f*® M in DF(Or).

(2)[BMS18, Proposition 6.12] For any M € D(Or), we construct a complex H*(M/(f)) with
terms

H'(M/(f)) == H'(M/"(f)) @07 (),
and differential induced by the boundary map corresponding to the short exact sequence

0= (/)/(f*) = Or/(f*) = Or/(f) = 0.
Then there is a natural quasi-isomorphism
LM @, Or/(f) = H*(M/(f)).
(3)[BMS18, Lemma 6.14] Let u : (T, Or) — (T",Or) be a flat map of ringed topoi. Let (f) C Or
be an invertible ideal sheaf with (f') := uw*(f) C Opr, which is still invertible. Then the diagram

D(O7) —“— D(Og)

lL'r]f anf/

D(O7) =~ D(Og)

commutes, i.e., there is a natural quasi-isomorphism Lnpu*M — w*Lny M in D(Opv) for all M €
D(Or).

Proof. We only need to check the compatibility for filtration of (1), which follows from the con-
struction in [BMSI18, Lemma 6.10]: choosing a representation M*® of M, once we get a map
LnsM — f*® M, we can restrict it to Fil* LnyM = f*M®* NnsM*® — f* @ M. O

5.2. Logarithmic Bg‘R-cohomology. Similar to [Bos23b], we can define the logarithmic BIR—
cohomology by using the Ln functor.

Definition 5.7. Let X be a log smooth rigid analytic variety over C. We denote by A : Xj,;okst —
Xt cond the natural morphism of sites. We define the logarithmic B:{R—cohomology of X as the
complex in D(Modsé)}ﬂd):
dR
RI gt (X) = Rt cona (X, L RABLL).
We endow RT’ B, (X) with the filtration given by Definition 5.2.

Remark 5.8. Similar to [Guo21], by introducing the logarithmic infinitesimal sites, one is able to
define RI'ogqr (X/ B;R), and there should be a canonical filtered quasi-isomorphism:

RT g (X) 2 RLoganr (X/B{g).

Proposition 5.9. Let X be a log smooth rigid analytic variety of dimension d over C. Then
R’)\*BQFR =0 for alli > d.
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Proof. This is an analogy of [Bos23b, Proposition 2.40]. Since the problem is local on X¢ cond
(as both sides satisfy analytic descent), following the notations in Section 3, we may assume X =
Spa(R, R*) is an affinoid log rigid space over C' with a strictly étale morphism X — E¢, which can

be written as a composite of rational embeddings and finite étale maps. By pulling back I~EC — E¢
to X we get

5{1 =X XEC IE;’ - Spa(RoouR;_o>7

a Galois pro-finite Kummer étale cover with Galois group I'. The Cartan—Leray spectral sequence
gives an quasi-isomorphism

R cona (T, H(X, Big)) = R proker(X, B,
which concludes the proof since I" ~ 2(1)‘1 has p-cohomological dimension d by [IS01, 1.3.3, Propo-

sition 14]: since Zg(l) is the p-Sylow subgroup of I' (see [ISO1, 1.4] for the definition), the claim
then follows from [Bos23a, B.3]. O

This proposition allows us to deduce the following two propositions.
Proposition 5.10. The natural map
LntR)\*IB%j{R — R l&n LmR/\*(IB%;{R/tm)
m

is a quasi-isomorphism compatible with filtrations induced by Ln;.

Proof. The proof is similar to [Bral8, Lemma 4.3] or [Bos23b, Lemma 2.41]. O
Proposition 5.11. If X is an affinoid log smooth rigid analytic variety over C, the natural mor-
phism

L RT proket (X, Big) — RT¢t.cond (X, Lne RABR) = RT B:R(X)

n D(Modsglrid) is a filtered quasi-isomorphism, where filtrations on both sides are given by the

filtration ofcfnt defined in Definition 5.2.
Proof. The proof is similar to [Bral8, Proposition 3.11] or [Bos23b, Proposition 2.42]. O
Theorem 5.12. Let X be a log smooth rigid analytic variety over K then we have a natural
isomorphism in D(Mod52'?) :

RI e (Xc) = Rlogan(X) @ By,
compatible with filtration and G -action.

Proof. Since the problem is local (as both sides satisfy analytic descent), we may assume that X
is affinoid. In this case, recall that A : X oxst — X ét,cond, We have

RI‘B:{R(XC) ~ Ly RF&két(XCS B(J{R)
~ Lm RFét,cond (XCa (R)‘*]BIR)V)
~ Ly RFét,cond (Xa Fil® (logﬂX ®I.( %))

~ (0x(X) B oY) T 05 (x) B ) @ B

= RFlong(X) ®i. BS—Ra
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where the first quasi-isomorphism follows from Proposition 5.11, the second quasi-isomorphism
follows from the same argument as in the proof of Theorem 4.6, the third quasi-isomorphism
follows from Proposition 4.8, the forth quasi-isomorphism follows from [Bos23a, Lemma 6.13] and
[Bos23a, Theorem 5.20], and the last quasi-isomorphism follows from [Bos23a, Lemma 5.6]. This
completes the proof. O

When X is defined over C, our construction of the BIR—cohomology theory indeed provides a
deformation of the logarithmic de Rham cohomology. Moreover, we can describe its filtration in a
manner analogous to [CN25, Proposition 3.13] in the rigid analytic setting, as follows.

Theorem 5.13. Let X be a log smooth rigid analytic variety over C.
(1) We have a natural isomorphism in D(Mod2hd) :

0 : RFBIR (X) ®g¢ c i) erong(X)'

dR

(2) More generally, for r > 0, we have a natural distinguished triangle in D(Modz‘?hd) :
Fil" 'R 5. (X) & Fil" R, (X) 2y Fil” RTjogar (X).
(8) For r > 0, we have a natural distinguished triangle in D(Mods’é’hd) :
Fil" ™' RT’ pt, (X) = Fil'RT ¢ (X) — RI(X, TS RAOx,, e (1))
Proof. We have
RT ¢ (X) @8 C = RTgcond (X, L RABlp @78 (Bip/t)-

+ +
Bar Bar

We are reduced to showing

v
<LntRA*BjR o (B;R/t)) ~ Q38

Bin
By Proposition 5.6 (2), we have

prokét ) v

v
<LntRA*IBs§R ®~ (B;R/t)> ~ H*((RABR) /1) =~ H*(RA\.(BJR /)Y ~ H*(RM\Ox

By
~ v
= (R.)\*OXprokét> ®BCTR Fil® Bc—li—R
~ 0% (—e) @c C(o)
~ QY%

where the second-to-last isomorphism follows from the proposition below: to see that the Bockstein-
type differential coincides with the usual log-differential on Q}log (this is a much easier version of
[BMS18, Theorem 8.3], see also [Bhal8, Proposition 7.9]), by Proposition 5.15 we may reduce to
checking that the Bockstein-type map
Ox ~ RN\ Ox,,... = R'\Ox, (1) ~ QY%

rokét prokét

is the usual log-differential. We may work locally, translating the elements in Rlx\*@xpmkét(l) to
cocycle conditions in group cohomology, where the same calculation of the proof of Proposition
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5.22 applies. This completes the proof of (1). Then (2) follows from [Wu24, Proposition 3.4], and
(3) follows from [Wu24, Lemma 3.3]. O

Remark 5.14. We will see that when X descends to a log smooth X over a discretely valued field
K such that X = Xy xg C, we have a natural quasi-isomorphism

TS RAOX, 0 (r) = €D Q™ (r = i) ],
i<r
and in general, a choice of a log smooth B(;FR Jt2-lift X of X via the map B;R /t2 — C gives such a

quasi-isomorphism.

Proposition 5.15. Let X be a log smooth rigid analytic variety over C, then we have a natural
isomorphism

i A v i,log .
(R )\*OXprokét) = QX (_2)
for alli > 0.

Proof. We can use the same argument as in the proof of [Sch13b, Proposition 3.23]: we first prove
that £ := R'\.Ox is a locally free Ox,,-module of rank dim X, such that

prokét
j o~
A&~ RINOx, -

This can be checked locally, by following a direct computation using the Koszul complex of T' (as in
the proof of [Sch13a, Lemma 5.5], which also requires the use of [DLLZ23b, Lemma 6.1.9]). Then,
the following lemma, which is a log version of [Sch13b, Lemma 3.24], concludes the proof. (|

Lemma 5.16. Consider the exact sequence (for example, see [KN99, Proposition 2.3])

0= Zy(1) = limv ' MF = v MY =0
xp

on Xprokst- Here v is the natural morphism of sites v : Xprokes — Xt It induces a boundary map
MP = v IMPE = R'INZ,(1). Then there is a unique Ox -linear map Ql)?g — R'MOx,, e ()Y
such that the diagram

MP s RYW,Z,(1)

I J

) ~
Q)(;g(*) — Rl)\*OXprokét(]')v(*)
commutes, where 6 : M — QU8 s the derivation. This map is an isomorphism.

Proof. The proof of [Sch13b, Lemma 3.24] goes through. We record the proof for completeness.

The assertion is local, so we may assume X = Spa(R, RT) (Rt = R°) is an affinoid log rigid
space over C' with a strictly étale morphism X — E = Spa(C(P), Oc(P)) for some toric monoid
P, which can be written as a composition of rational localizations and finite étale maps. Choose a
Z-basis {aq,...,aq} of P*P.
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It suffices to prove the existence. For this, we have to check that the diagram

HO(Xprokét, M‘g?) — H! (Xprokéta zp(l))

l !

HO(Xprokéle)?'g) I Hl(Xprokéta(/f)\X(l))

commutes, where the lower map is defined to be the one determined by the §(a;). First, by the
local computation, H'(Xproet, Ox(1)) is a finite free R-module. In particular, it carries a natural
topology. Similar to the proof of [Sch13b, Lemma 3.24], via both maps, the image of R™ in
HO(X proret, MP) is bounded in H (X proxst, Ox (1)).

As explained in the proof of [Sch13b, Lemma 3.24], we can find formally smooth @Q,-algebras

—

B, topologically of finite type with C = hﬂBl We may also assume that there are étale maps
Y; = Spa(B;, Bi+ ) — T™ for some n;. For i large enough, the underlying space X comes as base
extension from X; — Spa(B;(P), B (P)) — Y;. We endow X; with the log structure associated to
the natural pre-log structure P — B;(P). Then X comes as base extension from X; — Y; as a fs log
adic spaces. Let X; = Spa(R;, R;r), where now R; is topologically of finite type over Q,. Moreover,
given any f € MY (X) and m > 1, as MY (X) is generated by R* and P9, one can find an i and
some f; € ./\/lgé_ (X;) such that f — fi € Mx(X), and that a(f — f;) € 1 + p™R™, where we recall
that « is the structure morphism « : Mx — Ox. By the boundedness statement on the image of
RT*, and because elements of 1 + p™R* are p™~2-th powers of elements of 1 + p?Rt C R (say
m > 2), it suffices to prove the statement for f = f;.
There is an exact commutative diagram

0 —— Zy(1) —— lim v ' MY ——— v MY ——— 0

| | L

0—— @Xi(l) Fi > @Xi ®0Xi Ql)(z? — 0

on (X;)prokés- Here, the bottom row comes from the Faltings’s extension [DLLZ23a, Corollary 2.4.5],
and v; is the natural morphism of sites v; : X; prokét — Xi¢t- An element of @Xp v, lMgg can be
represented by U —Us where Uy, Uy € M, -, which gives Vi, Va € Mx;; then (V1/[U1]) —(V2/[U2]) €
OIB%;{R log, X; defines an element of J;; this gives the middle vertical map. Applying g, ! (where

i+ Xprokét — (Xi)proket) to the diagram and tensoring the lower sequence with @X over g; I@Xi
gives an exact commutative diagram

0 —— g{lzp(l) —_— g{l @Xp V;l./\/lgg_ e g;lufle)]g — 0

| | I

0 — @X(l) Fl S @X ®ox (Ql)?g)’ — 0,

where F/ is some sheaf of @X—module, and (Ql)?g)’ = gi_IQl)‘f ®,-10y. Ox is a free Ox-module

with a projection (Ql)(}g)' — Ql)(gg. The kernel comes from €y, and is generated by the image of Oé_



26 XINYU SHAO

via dlog. As explained in the proof of [Sch13b, Lemma 3.24], by comparing the boundary maps,
one finds that the map

s+ HY(Xproket, Ox @0y (228)) = HY (Xprokst, Ox (1))

defined by the Ox-linear extension Flis O x-linear, and maps d(a;) to the correct elements. More-
over, s is the composite of the projection H°(Xroket, Ox @0y (Ql)‘;g)’) — H( X prost, Ox ®0y Ql)?g)
with the map HO(Xprokét,OX R0y Ql)(;g) — H! (Xprokét, Ox (1)) pinned down by the 6(a;). Now,

use the commutativity of the diagrams for f; € H° (Xprokét, g; 11/; 1M§2 ) to conclude. O

Similar to the log de Rham cohomology, we can compare the logarithmic B:{R—cohomology with
the BCTR-cohomology of the trivial locus when the log structure comes from a strictly normal crossing
divisor.

Proposition 5.17. Let X be a log smooth rigid analytic variety over C' with log structure given
by a strictly normal crossing divisor D C X. Denote by U := X — D. Then we have a natural
non-filtered isomorphism in D(Mod?ﬁd) :

dR

RIj (X) = REan(U/Bfy).

Proof. Since both sides satisfy analytic descent, the problem is local. The lemma below shows
that we can assume X is the base change to C of Sp(A(xy,...,x4)) with log structure given by
x1---xqg = 0, where Sp(A4) is a smooth rigid analytic variety over K for some discretely valued
subfield K of C. Then the claim follows from Theorem 5.12, [Bos23b, Theorem 5.1] and Theorem
2.5. O

Lemma 5.18. If X is a log smooth rigid analytic variety over C of dimension d with log structure
given by a strictly normal crossing divisor D C X, then étale locally X has a basis of rigid analytic
varieties consisting of objects of the form Sp(Ac(x1,...,xq)) with log structure given by the normal
crossing divisor xy---xq = 0, where Sp(A) is a smooth rigid analytic variety over K for some

discretely valued subfield K of C.

Proof. By the existence of tubular neighborhoods, [Kie67a, Theorem 1.18], locally X can be written
as V := Sp(R (xy, ..., zq)) for some smooth affinoid algebra over C, and D is defined by the equation
x1-+-2xq = 0. Then the claim follows from [Elk73, Theorem 7 and Remark 2], which asserts that R
is the base change to C' of a smooth affinoid algebra defined over a discretely valued field K. [J

5.3. Comparison with the pro-Kummer étale cohomology. The following comparison the-
orem can be easily deduced from our construction for logarithmic B:{R—cohomology.

Theorem 5.19. Let X be a log smooth proper rigid analytic variety over C. Then we have a
canonical filtered isomorphism in CondAb :

Hll(ﬁ(X7 Qp) ®Qp Bar ~ HZBJR (X) ®B:er Bgr.-
Here, the filtration on Hf5+ (X) is defined by
dR

Fil* H., (X) := Im(H"(Fil* Rl (X)) — H;I (X)).

+
BdR
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Moreover, when X descends to a log smooth Xy over a discretely valued field K such that X =
Xo xg C, this isomorphism agrees with the comparison isomorphism

Hys(X,Qp) ®q, Bar ~ Hiyqr(Xo) ®k Bar,
under the canonical identification in Theorem 5.12.

Proof. We will construct a morphism
RPB(J{R (X) — RPM(X, IB%;R) ~ RF@(X, Zp) ®Zp BJ‘R’

where the last isomorphism follows from [DLLZ23a, Lemma 3.6.1] (whose proof also works over
C, by the same proof as presented in [Schl3a, Theorem 8.4]). We will then prove that such a
morphism is a quasi-isomorphism after inverting ¢.

By Proposition 5.6 (1), we have a natural morphism

RFBIR (X) = RFét,cond (Xv LntRA*BgR) — RFét,cond (Xv R)\*B(J{R) = RFprokét (X7 B:{R),

which gives the desired morphism.

To show that such a morphism is a quasi-isomorphism after inverting ¢, as both sides satisfy
analytic descent, it suffices to prove it locally so we can assume that X is affinoid. By Proposition
5.6 (3), considering the base change B;R — Bgr, picking Op = B;R,OT := Bgr and M :=
RIproket (X, IBB;R), and because L1 sends a t-invertible object to itself, we have a quasi-isomorphism

1 1
RFB:{R(X) [J ~ Ln; <Rrpr0két(X7 Biz) L]) ~ R proket (X, Bar),

which is compatible with filtration: for any integer r, we have
1 o
Fil" <LntM M) = > (EM N Ly M) Ct"M =t RT prokes (X, Bl)-
i+j=r
This completes the proof.

When X descends to Xy over a discretely valued field K, the compatibility stated in the theorem
is clear due to Theorem 5.12. O

5.4. Degeneration of (log) Hodge—Tate spectral sequence. This section is devoted to proving
the following theorem, as promised in the introduction. For convenience, we will only work with
usual cohomology groups in this section. However, clearly all results can be extended to condensed
cohomology group without any difficulty.

Recall that we denote by v the natural morphism of sites v : Xprorer — Xt

Theorem 5.20. Let X be a proper log smooth rigid analytic variety over C of dimension d, then
(i) the Hodge—log de Rham spectral sequence

EY = HI(X, Q") = H P (X)

degenerates at E.
(ii) the Hodge—Tate spectral sequence

Ef = HI(X, Q") (=) = H (X,Qp) @, C

degenerates at Es.
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Moreover, HLIR (X/BgR) is a finite free By, -module.

The key step in the proof is to demonstrate the existence of a splitting

EB Q?{}og(_i)[_i] = RV*aXprokét‘
i>0

For rigid analytic varieties, this is shown in [Gu023, Proposition 7.2.5] by choosing a smooth B /t*-
lifting X of X. Such a lifting always exists when X is proper. Additionally, the splitting depends
on the choice of lifting functorially.

We now turn our attention to the logarithmic case, discussing conditions under which such a
splitting exists.

5.4.1. B, /t?-liftings of X. As demonstrated in [BMS18] or [Guo23], a key step in the proof of the
theorem is to establish the existence of a IB%;R /t2-lifting for proper X. We will show that the same
holds for log smooth and proper adic space.

Proposition 5.21. Let X be a log smooth rigid analytic variety over C. Then X admits a log
smooth B:{R/tQ-liﬁ X via the map B:{R/t2 — C' in the following cases:

(1) X descends to Xo over a discretely valued field K ;

(2) X is proper.

Proof. (1) is clear as the base change of X along K — B:{R /% gives the desired lift.

For (2), denote by U := Xi, the trivial locus of X (i.e. largest open where the induced log
structure is trivial), and D := X — U the closed complement of U. Since X is log smooth, according
to [Ogul8, Corollary I11.1.9.5], we can identify the log structure of X with the compactifying
structure induced by U. By Raynaud’s theory on formal and rigid geometry (for example, see
[Abb10, Lemme 4.2.2] for the existence of closed immersion between formal schemes), and Temkin’s
results on analytic spaces in [Tem00, Corollary 4.4], there exists a closed immersion ® < X of proper
flat formal schemes over Spf(O¢) such that the closed immersion D < X is the rigid generic fiber
of the morphism ¢ : ® < X. Denote by is : ®; — X, the induced map on special fibers of i.

Choose an inclusion of fields F' — C'. We will show that there exists a smooth rigid space S over
F such that the closed immersion D — X can be lifted to a morphism between flat F-rigid spaces
Da — X4 over S with a map Spa(C,Oc) — S. Since Bl /t* — C has a natural F-structure, by
formal smoothness the map Spa(C,O¢) — S can be lifted to a map Spa(B;R/g,Ainf/{Q) — S.
This gives a B:R/tQ—lifting D — X of D — X. The open complement U of D then induces the
compactifying log structure on X, which also gives a B;{R /t2-lifting of the log adic space X by
[Ogul8, Proposition II1.1.6.2]. Moreover, X is log smooth over Bi;/t? by [Ogul8, Proposition
IV.4.2.4]. This will complete the proof.

Denote by 6o, the category of complete local Artin Op-algebras with residue field k. Consider
the deformation functor

D : 6p, — Set
defined by sending A € 6p,. to the isomorphism class of flat liftings of i5 on A. According to [sta,

OE3S] (after [sta, 0E3W]), the deformation functor D has a versal deformation, i.e., a complete
Noetherian local Op-algebra A with residue field k, a morphism between proper flat formal schemes
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ia: D4 — X4 over A where A is topologized by powers of its maximal ideal, deforming i such
that the induced classifying map

hy : HomoF(A, —) —D

is formally smooth. According to the proof of [BMSI8, Proposition 13.15], we can extend h4
and D to the ind-completion of €¢p,. This category includes O¢ JwP for all k > 1, where w is
a pseudouniformizer of Oc. Denote by iy : ©, — Xj the reduction of i : ® — X modulo wF.
Since we have a canonical map 19 : A — k, and an isomorphism g : MplAa =~ is, applying the
formal smoothness of h (on the ind-completion of €p,.) to the Oc/w — k, we can choose a map
m : A — Oc¢/w lifting 79 and an isomorphism 7 : nji4 =~ i1 of morphisms between O¢/w-schemes
lifting 9. We can then construct ¥, and 7, inductively, taking the inverse limit, and we can show
that there exists a map 1 : A — O¢ of Op-algebra, and an isomorphism n*i4 ~ i as morphism
between formal O¢-schemes.

Finally, after inverting p we have a morphism of flat F-rigid spaces Dy — X4 over § =
Sp(A[1/p]). We can shrink S to a suitable small locally closed subset, such that S is smooth over
F'. This completes the proof. (|

5.4.2. Splitting of the (log) Hodge—Tate map. We will prove the following proposition.

Proposition 5.22. Let X be a log smooth rigid analytic variety over C. Then a choice of log
smooth By /t*-lift X of X gives a natural splitting of the (log) Hodge-Tate map

1
— HO(X, Q8 (-1)).
Here the map HT is induced by the spectral sequence
EY .= H} (X, R'v.0x = H (X, 0x

prokét ) prokét prokét ) .

HT : ngokét(x, Ox

prokét )

We prove this proposition following [Heu25, Proposition 2.15]. Via the homeomorphism |X| =
|X|, we may regard Ox as the sheaf on X¢;. Define

homomorphisms ¢ of 5
sheaves of BJ, /t*-algebras Y '0x —" Bir/t’

Lx :=4q on Xpoke such that the l l
right square is commuta-
tive:

Note that Lx is a sheaf on Xpoke¢t as a subsheaf of Hom()\_l(?X,ijR /t%). We have

1 A
v OX OXprokét

Lemma 5.23. Lx is a pro-Kummer étale torsor under V*Ql)?g(—l)v.

Proof. Similar to the proof of [Heu25, Lemma 2.13] by using the theory of infinitesimal liftings for
log smooth morphism, see [Kat89, Proposition 3.14]. O

Proof of Propostion 5.22. For § € H°(X, Ql)‘ég(—l)), define a map
! R
SX - HO(X’ Q)(ég(_l)) - H;rokét(Xa OXprokét)
by
sx 10— Lxg:= Lx V ORE (=1 " Ox
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via identifying Ql)(zg(—l)v — Ox, which is induced from the dual of the canonical map Ox —

Q'%8(—1). We need to check that HT(sx(6)) = 6.

The problem is local, so we may assume X = Spa(R, R") is an affinoid log rigid space over C
with a strictly étale morphism X — E = Spa(C(P), O¢(P)), which can be written as a composite
of rational embeddings and finite étale maps. For any a € P, let T* be the induced coordinate on
X. Let X = Spa(Rs, RY) — X be the Galois pro-finite Kummer étale cover with Galois group
I' as before. Choose a Z-basis {a,...,aq} of P8P, where d = dim X. Then 6(ay),...,d(aq) form a
basis of Qlﬂ?g , where § : P — QlR?g is the derivation. Denote by 01, ..., 9y its dual basis in ngg’v.

For any lift X = Spa(R’, R'"), by formal log smoothness there exists a lift of the map C(P) — R
induced by X — E to an étale morphism

/(P = R

of BJr /t2 algebras. Here we view B /t2 as a Tate Qp- algebra with a ring of definition Aj,¢ /§ ,
with log structure associated to the pre-log structure P — B r/ t2(P), a — T®. Any choice of such
a lift induces a section of Lx(X) as follows: denote by [T“/p | = (T%,T?,..) € IB%IR/tQ()N(), the
morphism

T/HP) = B /tA(X) i T — [TYP7] for any a € P

extends by formal log étaleness to a unique map R’ — IB% r/ t2(X ) lifting the map R — Ry. The
following lemma describes the -action on Ly (X).

Lemma 5.24. Write a; = aj — a; with af ,a; € P fori=1,2,....d. Let ¢, c; : T — Z,(1) =

177

l'gln Kyn be the maps such that for any v € T', we have
al /p> ai /p>® a; /p>® — a; /p>®
VTS P] = [ TS P77 ] = (e ()T 77,
Then under the identification Lx(X) = Qllgg( 1)V ®p Roo induced by R’ — IBIR/tQ()?), the T'-action
on the right can be described by the continuous 1-cocycle

+7

7

s

r — Qlog’ 1),v — Z
2:1

via the natural identification H roket(X7 V*Ql;g(—l)v) ~ H\(T, Qlﬁg’v(l)).

<3 |

Proof. The proof is similar to [Heu25, Lemma 2.16], let Roo{1} := ker(Bl, /t*(Rs) — Roo). For
any Xx;0; € Hom(QlR?g, Roo{l}) denote by x; := 2;0;(6(a]")),z; = x;0;(6(a; )) for all 4, then the

correspondmg element in Lx(X) ~ Qlog( 1)V ®g R is given by the morphism induced by sending
T [T‘lj/ﬁ |+ 2} and T% s [T% /P™] 4+ 27 . Then to describe the y-action, we compute:

V([T ) ad) — [T% 7] = ([ef ()] = DT 7] 4 et
V([T% P 4 27) = [T% 7] = ([ (7)] = DT /) 4 ya;

This completes the proof, since we can identify [¢] — 1 by ¢ in Bgr/t?, for € = (1,--+) € Zy(1),
which induces a canonical isomorphism R{1} — R(1). O
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(1) torsor Lx VTR (1) v*Ox (1) induced by d(a;) :
Ql)(;g’v — Ox. We need to check its image under HT(1) is d(a;). This follows from the commutative

diagram in Lemma 5.16: 6(a;) maps to HT(1)7'6(a;) through the map over the lower left corner,
and it maps to the class defined by the 1-cocycle I' — R(1) : v — ¢; (v)/c; (v) through the map

For any i = 1,...,d, consider the Ox__,.,

over the upper right corner, which is exactly the cocycle associated to Lx ) VTOREY (1) o x (1) by
the lemma above. This completes the proof. U

5.4.3. Splitting of RV*@X
sition of RV*@ X,

The splitting of the Hodge—Tate map induces a natural decompo-

prokét *
as follows.

rokét

Proposition 5.25. Let X be a log smooth rigid analytic variety over C. Then a choice of log
smooth Bl /t*-lift X of X gives a natural splitting of Rv,Ox, .. as Di>o Qgﬁog(—i)[—i] in the
derived category.

Proof. The splitting of the (log) Hodge-Tate map constructed in Proposition 5.22 gives a natural
quasi-isomorphism
Ox @ QY% (-1)[-1] = r5'Ri.Ox,,,..

The quotient map
RO 1 K .
(Q3°F) 77 A Qe = i
has a canonical Ox-linear section s; given by
1
Wi A Awi Tl Z g (0)We (1) @ -+ @ Wy(i)-
g€E€S;

Here, we denote by (—)®? the tensor product of i copies of the object. Therefore, we can construct
a map
OR08(—i)[—i] = (QYB(=1)[-1])®ox? = (RAOx,... ) P0x — RAOx

which induces a natural map

prokét ) prokét?

P (=) [=i) = Br.Oxypa
i>0

The map constructed above is a quasi-isomorphism by (the construction of) Proposition 5.15. [
5.4.4. Proof of Theorem 5.20. With all these preparations, the proof for Theorem 5.20 then follows

by counting dimensions.
We start with (2). The spectral sequence

BEY = H(X,Rv.0x,, ) = H™ (Xprokers Ox o) = Hit? (X, Qp) ®g, C

converges, where the last isomorphism follows from the primitive comparison theorem in [DLLZ23b,
Theorem 6.2.1]. The claim then follows from Proposition 5.25 by counting dimensions.
To show (1), we need to show that

prokét

d
Z dime HI (X, QZ'X’lOg) = dimg Hf;;iR(X)
=1
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By (2), we have

d
> dime HY (X, Q5%%) = dimg, Hif/ (X, Qp).
=1

On the other hand, Theorem 5.19 shows

+
Bir t

= dimB:R H;Z(X)(*)/torsion

. itd . itq 1
dimg, HI(X,Q,) = dimp,, H' (X)(+) H

< dimp H;d{_{(X)(*)/t
' »
< dim¢ HfogfiR(X),
where the second equality holds since H g+ (X)(x)/torsion is a finite rank torsion-free module over
dR

Bj; without nontrivial divisible submodule, so it must be free by [Rot60, Theorem 3]. The last
inequality follows from Theorem 5.13, which induces a short exact sequence
L » i
0 — H;E(X)(*)/t — H R (X) — ngdéf (X)(*)[t] = 0.
This proves (1) as all inequalities must be equality.

Finally, the above computation also shows that Hng (X) is a finite free B:{R—module as it is
dR
torsion-free. This completes the proof.
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